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1. Let A =

[

2 0
3 2

]

.

(a) Compute etA.

(b) Suppose x(t) is the solution to ẋ = Ax for which x(1) =

[

3
4

]

.

Use your answer to (a) to determine x(2).

[5+ 5 = 10 marks]
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2. Let x∗ be a equilibrium of ẋ = f(x), where f : Rn → R
n is C1.

(a) Define what it means for x∗ to be Lyapunov stable.

(b) Define what it means for x∗ to be asymptotically stable.

[3+ 3 = 6 marks]

3. Let x∗(µ) be an equilibrium of ẋ = f(x;µ), where f : R4 × R → R
4 is C3.

Suppose W s(x∗(µ)) is three-dimensional for µ < 0, and that x
∗(µ) undergoes a Hopf

bifurcation at µ = 0.
What must be the dimension of W s(x∗(µ)) for small µ > 0? Why?

[4 marks]

Page 3 of 7



1802 160.734 Mid-Semester Test

4. Consider the system
ẋ = x4

− 4x3 + µ.

(a) Determine the two values of µ for which the system has an equilibrium with a zero
eigenvalue.

(b) Show that one of these is a saddle-node bifurcation and the other is not.

[4+ 5 = 9 marks]
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5. Consider the system

ẋ = x− 2y,

ẏ = x2
− 5y2,

for which (x, y) = (0, 0) is a non-hyperbolic equilibrium.

(a) The centre manifold W c(0, 0) can be written as y = αx+ βx2 +O(x3).
Determine the values of α and β.
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(b) On W c(0, 0) we have ẋ = γx2 +O(x3).
Determine the value of γ.

(c) Is (x, y) = (0, 0) asymptotically stable? Why or why not?

[7+ 2+ 2 = 11 marks]
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Use this page if you need extra space to answer the questions. If you use it, make a note on
the page of the question that you have done so, and clearly indicate here which question you
are answering.
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