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2 0
1. Let A= [3 2}

a) Compute e*4.
(a)

00
30
nilpotent and e¥ = I 4+ ¢tN. Notice 2/ and N commute, thus

We have A = 2] + N where N = {

} Notice N? is the zero matrix, so N is

etA — e2tletN

= th([ +tN)

10
_6{3751'

(b) Suppose x(t) is the solution to X = Ax for which x(1) = {ﬂ :

Use your answer to (a) to determine x(2).

We have x(t) = et1x(0), for all t € R.
So x(1) = e?x(0) and x(2) = €*!x(0), hence

x(2) = e*e™x(1)

= ex(1)

=5 3l

B 3e?
T |13e? |

[5+ 5 = 10 marks]
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2. Let x* be a equilibrium of x = f(x), where f: R" — R" is C".

(a) Define what it means for x* to be Lyapunov stable.

That for all € > 0 there exists 6 > 0 such that for all x € Bs(x*) we have ¢;(x) €
B.(x*) for all t > 0.

(b) Define what it means for x* to be asymptotically stable.

That x* is Lyapunov stable and there exists n > 0 such that for all x € B, (x*) we
have ¢ (x) — x* as t — 0.

[3 + 3 = 6 marks]

3. Let x*(u1) be an equilibrium of x = f(x; i), where f: R* x R — R* is C3.
Suppose W#*(x*(u)) is three-dimensional for p < 0, and that x*(u) undergoes a Hopf

bifurcation at p = 0.
What must be the dimension of W#(x*(p)) for small x> 07 Why?

For a Hopf bifurcation, the dimension changes by two.
The dimension cannot change from 3 to 5 because the system is only four-dimensional.
Thus the dimension must change from 3 to 1.

[4 marks]
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4. Consider the system

(a)

=t — 4% + p.

Determine the two values of u for which the system has an equilibrium with a zero
eigenvalue.

We have
of
ox
which equals 0 when z =0 or z = 3.
Firstly solving f(x; ) = 0 using = = 0 gives u = 0.
Secondly solving f(z; ) = 0 using = 3 gives u = 27.

= 4a® — 1227 = 42%(z — 3),

Show that one of these is a saddle-node bifurcation and the other is not.

We have o f
_ 2
Firstly observe % w0 = 0, thus =0 is not a saddle-node bifurcation.

Secondly observe % g =36 # 0, and g—i ’36:3 =130, thus . = 0 is a saddle-node
bifurcation.

[4 + 5 =9 marks]
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5. Consider the system

T =x— 2y,
y:$2—5y2,

for which (z,y) = (0,0) is a non-hyperbolic equilibrium.

(a) The centre manifold W¢(0,0) can be written as y = az + Sz + O(z?).
Determine the values of o and .

We have Df(0,0) = [(1) _02} :

1
The eigenvalue 0 has corresponding eigenvector v = {1] ,thus a =1

1
Thus on W*¢(0,0),

2

y=a%— 5<ix2 + O(x3)>

= _sz + O(a?).
Also, since W¢(0,0) is invariant,
o dy
Y= AIr z
- (% 28 + o(ﬁ)) <x - 2(% B+ O(x?’)))
= —pz* + O(z?).

By matching these we obtain § = i.
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(b) On W¢(0,0) we have & = ya? + O(z?).

Determine the value of ~.

We have

i 1 1
T :x—2<§x+ sz +O(ZE3))

= 5+ 0(r).

(c) Is (z,y) = (0,0) asymptotically stable? Why or why not?

No, regardless of the dynamics on W¢(0,0) the other eigenvalue of Df(0,0) is A = 1
which has positive real part so (0,0) is unstable.

[7+ 2+ 2 =11 marks]
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Use this page if you need extra space to answer the questions. If you use it, make a note on
the page of the question that you have done so, and clearly indicate here which question you
are answering.
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