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Abstract. We judge symplectic integrators by the accuracy with which they represent the
Hamiltonian function. This accuracy is computed, compared and tested for several different
methods. We develop new, highly accurate explicit fourth- and fifth-order methods valid
when the Hamiltonian is separable with quadratic kinetic energy. For the near-integrable
case, we confirm several of their properties expected from KaM theory; convergence of
some of the characteristics of chaotic motions are also demonstrated. We point out cases
in which long-time stability is intrinsically lost.

AMS classification scheme numbers: 58 FO5

1. Introduction

The symplectic integration of Hamiltonian dynamical systems is by now an established
technique. Ruth (1983) has developed explicit methods for separable systems; his
approach was extended to fourth order by Candy and Rozmus (1991). Channel and
Scovel (1990) and Feng and Qin Meng-Zhao (1987) have derived methods based
on the Taylor series expansion of the time map of a general Hamiltonian. Feng
and Qin Meng-Zhao (1992) contains a survey of the Chinese program, an important
generalization which includes many known methods as special cases and a discussion
of the philosophy and history of symplectic integration.

For a summary of explicit symplectic integrators for separable Hamiltonians, see
section 3.2 and tabie 2.

Standard integrators do not generally preserve the Poincaré integral invariants of
a Hamiltonian flow and cannot hope to capture the long-time dynamics of the system.
Typically their numerical diffusion causes orbits to be attracted to elliptic orbits, or,
coupled with forcing, creates completely unphysical attractors. These may look similar
to the chaotic dynamics of some systems; however, the non-conservation of integral
invariants presumably corrupts the long-time statistics of the flow. These failings have
been discussed at length (Candy and Rozmus 1991, Channel and Scovel 1990, Feng
and Qin Meng-Zhao 1987) and we will not consider non-symplectic methods further,

However, within the class of symplectic integrators (Sis) there is much variation in
ease of use and in accuracy. It is true that the largest-scale structures in phase space,
such as low-order resonances, tend to be the most persistent under the symplectic
perturbations due to the discretization. They will be captured by even a low-order s1
with a fairly large time step, as will the regular behaviour of near-integrable systems,
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But if quantitative results are required, or finer features must be resolved, or extremely
slow scale phenomena are being studied, then the convergence of the dynamics of the
discrete system to those of the continuous system must be studied. In this respect, not
all sIs are created equal.

We wish to numerically integrate the flow of the Hamiltonian H(g, p) with N
degrees of frcedom and time step k. We use the fact that any family of symplectic
maps ¢(k ¢, p) near the identity, dependmg smoothly on a parameter K k, is locally the
exact fime-k map of a Hamiitonian fiow, say that due to Hig, p,t). (h‘ aiso depends
on k) If, in addition, the map is close to the time-k map of the Hamiltonian H(g, p),
then H is close to H, and we shall identify |H — H|| with the accuracy of the discrete
map. (The choice of norm will be discussed later.) This point of view is elaborated in
section 2,

Amongst methods of a given order we shall use this criterion to distinguish the
‘best’. {Of course this can only be done in a general sense—for a specific probiem there
may always be specially tailored methods.) Identifying good methods is perhaps even
more important in the sympiectic than in the non-symplectic case, for Sis are usually
used with fairly large time steps. In some cases this has led to higher-order methods
being disadvantageous, because of their large error constants.

In the evolution of the real flow, the energy H (¢, p) is conserved. This will not be
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system has no other independent integrals, then the approximate and real flows arc the
same (up to a reparametrization of time) (Ge Zhong and Marsden 1988). We would
thus have solved the equations of motion. So, one might consider minimizing some
norm of the energy truncation error VH - (¢(k,q, p) — &)(k, 4.p). In N > 2 degrees of

freedom, an orbit of ¢ can drift away from the original energy surface to a region
of nhase snace with very different dvnamics: one wishes to minimize this effect. This
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criterion does lead to good methods, but it has two drawbacks. It only considers
the motion in one direction, that transverse to the energy surface; and it involves
expanding the time step to one higher order than needed for |[H ~ H| (which is already
complicated enough). Considering, say, the component of the truncation error not in
the direction of the real flow would avoid the first problem but would be even more
complicated. Because |H — H’II must already be computed (see section 3), finding the
Hamiltonian error term is falrly simple; in addition we can hope that it captures more
information about the global dynamics than the energy truncation error. The important
point is to select a well defined, relevant quantity for systematic comparisons.

In simple mechanical systems the Hamiltonian is often separable: H(q, p) = T(p) +
V (g). For this case Ruth (1983) developed a class of explicit SI methods. (See Feng and
Qin Meng-Zhao (1987) for a wider class of systems for which explicit algorithms exist.)
These were extended to fourth order by Ruth in 1984 (unpublished), by Candy and
Rozmus (1991), and in an elegant formulation by Forest and Ruth (1990). In section 3,
we find the ‘best’ methods of this class; we also deal with the important special case
in which the kinetic energy is quadratic, ie. T(p) = 3p" Mp. This leads to crucial
simplifications that allow one to find much more accurate methods. There turns out to
be a four-stage, fourth-order method with is about 100 times more accurate than the
Candy and Rozmus method; it is even more accurate than the fourth-order Gauss—
Legendre (which is itself in some sense optimal for general Hamiltonians). We also
develop an optimal six-stage, fifth-order method. These two methods are recommended
for general use when H is separable with quadratic kinetic energy.

In section 3.3 we consider a wider class of methods in which the derivatives of V
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higher than the first are also supplied, which leads to much simpler equations to be
solved. In section 4, we compute the error constants for three well-known symplectic
integrators for general (non-separable) Hamiltonians. For these implicit methods, which
must be solved by iteration, efficiency is strongly affected by the choice of predictor;
so a method cannot be judged by its error constant alone.

There are three main numerical examples in section 5. First the accuracy and
efficiency of the ‘optimal’ methods is tested in simple one and two degree-of-freedom
problems. We also examine the convergence of some properties of a very fine chaotic
web; this could not be studied at all without a symplectic integrator. Finally, we give
an example of some intrinsic limitations of SIs in N > 2 degrees of freedom.

2. A framework for symplectic integration

We consider the class of symplectic integrators defined by smooth one-parameter
families of maps close to the identity:

X=6@tx)  $0x)=x

where x = (g, p7 and X = (Q, P)T are in R*™. With initial condition x,, the discrete
orbit is given by the forward iterates ¢® (k, x,), where k is the time step. The map
¢ is then generated by a time-dependent generating function of the second kind, say
K(q,P,t) (Arnol’d 1978, pp 242, 266-9). We will see now that an iterate ¢ (k, x,) is the
exact time-nk map of a k-periodic, time-dependent, time-discontinuous Hamiltonian H.
Think of K as generating a change of variables ($) between two families of canonical
coordinates systems, x(t) and X{t). We let x evolve with Hamiltonian identically 0, i.e.

x(k) = x(0).

K(x0)
$(0)=id
t=0 x(0) — X0
0 | | A
t=k xk)y — Xk
é
K(xk)

X is therefore evolving under the flow of the Hamiltonian

~ 0K oK
X.)=0+ - =—,
HX.9 ot ot

We take this as the definition of H for 0 < t < k. We let X evolve until ¢ = k, and X (k)
then becomes the initial condition for the next time step. We extend the definition of
Htot>kby

H(X,nk+1) = H(X,1) O<t<k n>l.

The flows of H and H are sketched in figure 1. The iterates ™ are now the exact
time-nk map of the Hamiltonian H.
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" Figure 1. Real and approximate flows. ¢ is the flow of the Hamiltonian H; ¢ is the flow
of the approximate Hamiltonian H. E = H — H is O(k?), k-periodic, and zero at t = nk.

Let H(x) be the Hamilitonian we wish to integrate. We say the integrator is
consistent with the Hamiltonian H if H(x,0) = H(x). Define the Hamiltonian truncation
error as

E=H-—H.

This is sketched in figure 1. In effect, the integrator calculates the exact flow of the
nearby Hamiltonian H. Itis casy to check that if |E| = @(kP) then the truncation
error of the integrator is @(k"*!) and the method is of order p.

As we have two nearby Hamiltonians, H and H, one would like to apply KAM
theory to compare their flows; but in this case H has O(kP) jump discontinuities at
t = nk so the theory does not apply. Instead one compares the nearby maps ¢(k, x)
and 65(1(, x) to establish which dynamics are preserved by the integrator. However, this
formulation offers a parallel view and makes explicit the Hamiltonian truncation error
which we would like to minimize. .

This homotopy in & is not the only way to construct an H. In fact, one can enforce
any degree of smoothness required at ¢ = nk, although this may increase dH /dt. Such
constructions Qroceed term by term in &, leading to questions of convergence; in
contrast, our H clearly exists and is spatially smooth for all x and ¢. Similarly, one
may construct an autonomous H , matching x(k) term by term in k—see e.g. Auerbach
and Friedman (1991) for the one-degree-of-freedom case. If H converges it is a
conserved quantity for the discrete system and describes those invariant tori which
persist. However, the significance of this H in higher dimensions, or of considering
the first term of a merely asymptotic series, is unclear. The secular energy drift seen
in section 5.3 for N = 2 indicates that the discrete system does not have a conserved
quantity close to H and is really evolving in six, not four, dimensions.

3. Explicit methods for separable Hamiltonians

When the Hamiltonian is of the form H{gq, p) = T(p) + V (¢), Ruth {1983) noticed that
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K{(qq ) = qop, +kH(qy, p|) is consistent with H and that the coordinate transforma-
tions it generates can be found explicitly. To extend the method to higher order, he
applied several such transformations in turn:

Ki(ge.21) Ki(gs—1-p) (3. 1)
Gor) — @up) — - —  G»p)

Ki=q, p+k@T(p)+bV(q_))

a; and b; are parameters and k is the time step. (g,,p,),..., (¢;_1, P_,) are intermediate
stages as in standard Runge-Kutta methods. Recall that K, is a generating function of
the second kind which generates a change of coordinates according to

4 9K o 4 K
b_1=p Er 9 =494 op.’

(It may be checked that | = a; = b, = 1 generates a first-order symplectic map; applied
to the pendulum, this gives the standard map.) In the framework of section 2, we have

K(x0)
H(0)=id
t=0 x0) — X0
Hy | |\ H
t=k xk) — X
é
K(x,k)

with x = (g a)7, X = (g, p)7, and K generating the transformation x — X. That
is, integrating x under H, and transforming gives the exact flow of H; integrating
0 instead (so that x(0) = x(k)) and transforming gives the flow of H. Since H =
Hy+0K /6t = Hy + H, we have E = H,. The aim is to choose the a;s and b;s to make
Hy zero up to some order in k.

Let the force F = —V' and P = T’ denote the gradients. The whole sequence of
intermediate values is then given for i = 1,...,{ by

p=pm+k) byF(gn_)

m=1

(32

i
9 =9 +k ZamP(pm)
m=1

with transformed Hamiltonian
Hy(go m) = T(p) +V (g1} — Z(a,-T(Ps) +b,Vig;_1))
i=1
[o 0]

= Z hm (q{)’ pO)tm

m=0
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Table 1. Number of equations.

Order m No. terms in &y, Total no. equations

Separable T quadratic  Separable T quadratic

1 0 2 2 2 2

2 1 1 1 3 3

3 2 2 2 5 5

4 3 3 2 8 7

5 4 6 4 14 11

6 5 10 5 24 16
whese we have made a formal power series expansion of g¢;, p,, T (p), and V (g;) about
(g5, ) fori=1,...,1 For a method of order p we must choose # and h sothath, =0

form=0,...,p— 1 We then call h,, the principal error function.

It is straightforward to check that s, for N =1 and for N > 1 are identical for
m < 5. We therefore expanded h, with N = 1 in Mathematica. Table ! shows the
number of equations which must be satisfied at each order to enforce h,, = 0 (see also
Sanz-Serna et al (1990, 1991), who have developed a general theory which allows one
to calculate table 1 for all m). For examnle, at third order Hy has terms proportional to
P.PP.F.,, FF, PPy, and F,F F P, The combinatorial explosion as m increases
is famﬂ1ar from the theory of standard Runge—Kutta methods; but in that case there
are also many more unknowns available. If the number of unknowns (2!) is greater
than the number of equations (M) then the real solutions, if there are any, will lic on
manifolds of dimension 2{ — M, assuming that all the equations are independent. We
propose to use this freedom to minimize the principal error function and obtain more
accurate methods.

Example. Second-order methods. Here p = { = 2 and the transformed Hamiltonian
can be written (after some algebra)

+ 2 [F'P? 1 (3aiby — 1) + F?P'(3a,by(1 — 3b,) — 1)] + 0()
There is thus a one-parameter family of second-order methods given by

1

S
I
[
i
I

a =1—a Uy =

The leapfrog and pseudo-leapfrog schemes (Ruth 1983, Candy and Rozmus 1991) are
the cases a, = 3 and a, =0, respectively. The principal error function h,, the coefficient
of inE = HO, is

1 1—4q
'p2_¢1 _ FZPl 2 .
FP g =3a) + F P o)

As each function of ¢, and p, is an elementary differential of the same order (p + 1),
we give them equal weight and minimize the sum of the squares of their coefficients.
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There are two minima, @, = 1 + $v/2, and it is found that the smaller one has the
smaller error. We may summarize this class of methods as follows:
Leapfrog: a=1 hy=F P}y +F*P'(-})
Pseudo-leapfrog: a, =0 hy=F' PYL)+FP'(})
(3.3)
Optimal 2-stage: a, = 1 — $v2 hy = F'P2L(3v2—4)
~FP'L(3VZ -4 (3vV2 —4) ~ 0.03)

However, the leapfrog method has b; = 0 and so uses one instead of two force

evaluations per time step, usually the most expensive part of the computation; for a

fair comparison we should therefore halve its step-size, giving an increase in accuracy
of a factor of four. These considerations give rise to the following definitions.

Definitions. Consider an explicit symplectic integrator of order p which is the exact
time-k map of the Hamiltonian H. The Hamiltonian truncation error is E(t)y = H — H.
The principal error function is the coefficient of t? in H — H, which we write as

J
hy="> f1a,6)g;(F,P)gm
j=1

The error constant is
J
217
J
j=1
If the method requires s force evaluations per time step, the effective error constant is

(&) (27

Amongst methods of the same class, we shall call the one with the smallest effective
error constant optimal. Different norms of (f;) would give different ‘optimal’ methods,
but the Euclidean norm is easiest to minimize and gives good general-purpose methods.

1/2

1/2

The effective error constants for these three methods are 0.070, 0.280 and 0.043,
respectively. The optimal method shows a modest 39% improvement over simple
leapfrog. In this case, the optimal method also minimized the energy truncation error.

We note in passing that in the literature, the name ‘leapfrog’ is also applied
to another, distinctly different method. Multi-level schemes of the form x, = x, +
2kJVH(x,) are also cailed leapfrog and can be shown to be symplectic in the extended
space R* with coordinates (xq,x,) (Feng and Qin Meng-Zhao 1987, Sanz-Serna and
Vadillo 1987). However, they are not symplectic in the usual sense. Orbits may lie
on invariant tori in the extended space, but in general their projection to the physical
phase space is not close to a real orbit. This class of methods seems to have little
advantage over standard non-symplectic integrators.

We now apply our approach to higher-order methods.
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3.1. Methods for separable Hamiltonians

Table 1 gives the number of equations which must be satisfied to get methods of
different orders. For a third-order method there are five equations. We therefore expect
to need at least three stages. With | = 3, solutions lie on curves, and we find two
such disjoint solution paths. On one path the minimum error constant is 0.267. The
solution, found by Ruth,
=2 —__2 — .
a =3 a, =—3% a; =1 by =5 b, =

=L
by =~

E N [%)

lies on the other path. The coefficients appearing in the principal error function h;
are —g;, —4 and —z%, giving an error constant of 0.113. Although the solution
curve can be found explicitly, this is not very instructive; instead we minimize the
error constant numerically. After observing that the minimum possesses the symmetry
a; = b,_; it is easy to calculate the required solution: a; is the positive real root of
12a* — 24a* + 16a — 3 = 0. The solution is given in table 2. The error constant is 0.058,
about half that of the Ruth solution. (This solution also appears in Sanz-Serna (1989),
who required the symmetry; it is now seen to be the optimal third-order method.)
Unfortunately neither solution curve intersects any of the coordinate planes b; = 0.

For a fourth-order method there are eight equations to be solved. With four stages,
Candy and Rozmus (1991) give two solutions, one of which is shown in table 2; the
other is its symmetric partner (@; = bs_;, b; = as_;). We calculate their error constant to
be 0.311; the solution with b, =0 has an effective error constant of 0.098. By Bézout’s
theorem, the maximum number of solutions of a system of polynomial equations is
the total degree of the system, here 1% -2-3? - 4% = 1152; but we have not carried out
the global homotopy necessary to establish the actual number of real solutions (Li ez
al 1987). However, we have not found any solutions in addition to the two given by
Candy and Rozmus. There may exist better five-stage schemes.

Yoshida (1990) derives several sixth- and eighth-order methods by composing
several steps of leapfrog. We find that his sixth-order methods (‘fully symmetric’, 4, B
and C) have effective error constants of 5.39, 0.063, 1.42 and 1.35; it seems possible
that his eight-stage method A is the optimal one.

3.2. Methods for quadratic kinetic energy

When T (p) = ;p" M p is quadratic (the ‘Runge-Kutta—Nystrom’ case} P” is identically
zero. The third term of h; contains a factor P”, and is automatically zero in this
case. So with four stages, we have seven equations in eight unknowns (say c(a, ) = 0)
and solutions lie on curves. We have not systematically traced the structure of these
solutions in R®; instead we found roots by picking random initial points at which
lle)l, was small and then minimizing this norm. (The roots had too small a basin of
attraction for Newton’s method to be useful.) We then numerically minimized the error
constant starting from promising members of this set of solutions. Finally we solved
c(a,b) = 0 in quadruple precision, starting from the approximately optimal solution.
This gave the solution shown in table 2, with the remarkably smail error constant
0.0025. Tests in section 5.1 confirm the accuracy of this method. We recommend it for
general use on this class of problems.

At higher order the gains are even more dramatic: h, now has four terms instead
of six, and kg has five instead of ten. We thus searched for six-stage methods of order
five. In this case there are many solutions with equally small error constants located
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in different regions of parameter space. Amongst these we give in table 2 the solution
with the smallest max;|b;|. The grounds for this heuristic are that truncated Taylor
series tend to be more accurate close to the point of expansion. We wish to minimize
the error due to the higher-order terms (which we have ignored until now) and which
may contribute at the moderate values of the time step used in practice.

3.3. Methods using derivatives

If one composes s stages of the generating function (3.1) and expands about the point
(90, p,) instead of (g, py), the same terms appear in the transformed Hamiltonian as
in section 3.1, although with different coefficients. We may therefore generate the
transformation (g;, p;) — (g;,y, ,) by the more general generating function with ail
these terms included. (In fact, Channel and Scovel (1990) and Feng and Qin Meng-
Zhao (1987) derive one-stage, arbitrary order methods by including sufficient terms in
the generating function.)

Here we include only those terms which allow p, to be calculated explicitly, and
take, for example,

Ki(gi1,2) :‘)‘P‘i'[k(aiT+biV)+kzciF'P+k3diFijP;'k+k4eiFjF;‘kPfP;k]-
With T = % T M p, this leads to the coordinate transformations

p, = +KcF'M +ke,(F'F + F)M* " [p_, +kb,F — K’d2(FF' M)F]
4 =4;_ +kaMp +kK*MF + ke (M*F')F

where F = F(g,), using matrix multiplication instead of tensor notation. We thus
have five parameters per stage and can find methods with fewer stages than earlier
(incidentally simplifying the algebra considerably). Unfortunately, because some of
the terms must be excluded as they lead to implicit equations, not all the unknowns
appear in every equation. This leads to less freedom in the solutions; the net resuit is
that the methods have larger error constants than the number of parameters suggests.
With e; = 0 (so that only first derivatives of F are required), the optimal two-stage,
fourth-order method has an error constant of 0.018; allowing higher derivatives, the
optimal two-stage, fourth-order method has an error constant of 0.004. Thus these
methods are unlikely to be competitive with the ‘force-only’ methods described earlier,
except possibly in problems with a polynomial potential, in which case the derivative
evaluations are extremely cheap.

4. Methods for general Hamiltonians

For general, non-separable Hamiltonians, no explicit methods are known. Here we
apply our error criterion to compare five implicit methods.

Feng and Qin Meng-Zhao (1987) and Channel and Scovel (1990) recursively con-
struct the generating function which generates the time-k map of the exact Hamiltonian
with N degrees of freedom:

an
K (g0 P, k) =D _Ki(go, pOK.
i=0
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For a method of order p, one includes terms of order up to k?. Channel and Scovel
give K, i < 6 explicitly, enabling methods of order six or less to be found. We call this
the Taylor series method. It requires the first p derivatives of H and the formulae are
lengthy. At each time step, one solves N nonlinear equations for p,; ¢, is then given
explicitly.

We immediately have that

A 0 < ]
E=H-H=2 3 K@op)t =0+DK, 4o ) + 0"
i=p+1

for 0 <t < k. For example,

1 2
3 pqu +H HFH¢+H'I?HP

(cf equations (3.2)), so the second-order method has an error constant of v/3/2 ~ 0.87,
or v2/2 ~ 0.71 if H is separable. (We shall include the separable case here for
comparison, although these methods would not be used in practice in that case.)

Table 3. Error constants of implicit methods

Order No.ofeqns General H  Separable  Quadratic

Taylor series methods:

2 N 0.87 0.71 0.71
3 N L15 0.87 0.85
4 N 1.60 0.71 0.60
5 N 2.22 0.80 0.66

Gauss-Legendre methods:

2 2N 0.31 018 0.18
4 4N 0.032 0.011 0.009

Feng midpoint:

4 2N 0.086 0.033 0.031
Stofer midpoint, «? = 3/20:

4 2N 0.083 0.033 0.031
Sanz-Serna (three midpoint steps):

4 6N 0.659 0.239 0.236

For higher orders we find the error constants listed in table 3. (Actually, we did
the expansions for N = 1, and checked them for the separable case; as our error
constant is only a heuristic, the extra algebra to find a small correction was judged
not worthwhile.) They are rather large, because this method completely drops terms
of order k?*! in the generating function. Other methods approximate these terms.
However, the Taylor series method requires solving only N equations per time step,
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There is a class of symplectic integrators which have any order and only require
evaluating Hp and Hg—the right-hand-sides of the ODEs. These are the fully-implicit
Gauss-Legendre Runge-Kutta methods discovered by Butcher (1964) and shown to
be symplectic by Sanz-Serna (1988) and independently by Lasagni (1988). (Remark-
ably, these methods have optimal order and are also A-stable (Burrage and Butcher
1979).) There are also singly-implicit symplectic methods, but these have no apparent
computational advantage in the present non-stiff case.

For completeness we summarize the Gauss—Legendre methods. The s-stage method
has order 2s. Let the Hamiltonian system be ¥ = JVH(x) = f(x). First one solves the
2N's equations

N
g9, =fxo+k> a,g) j=1,...s (4.1)
i=1

The integrated variables x, = x(k) are given by
§
=1

The constants g;; and b; are given for s = 1, 2, and 3 in table 4; Butcher (1964) also
gives the cases s =4 and 5.

Table 4. Coeflicients of Gauss—Legendre methods.

s=1: 0111%,b1=l

ate 3
b)) =G %
52 VB 5 VB
36 9 15 36 v;g
5 15 2 5 15
s=3 a;j) = PRI i z =z Y
@)=| 5%+ 9 % 24
S.Y5 2 Vs s
36 30 9 1 36
G)=(& § %)

To find the principal error function we expand x, in a Taylor series about x,. This is
equal, to order k? (p = 2s), to the time-k flow of the Hamiltonian H — Hyt?. Comparing
the terms of order k?*! gives equations for H,, and Hy,, which are consistent if the
method is symplectic. They are integrated to find the principal error function.

For s = 1, the familiar midpoint rule, we find

hy = %(Hp 3 —2H H H, +H90H§)

giving an error constant of v/6/8 ~ 0.31 or v/2/8 ~ 0.18 in the separable case.
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Table 5. Principal error functions of implicit methods. We take N = 1 and compute the
coefficient hg of t* in E = H — A for three fourth-order methods.

Taylor series  Gauss—Legendre  Kang midpoint
Term 120h4 8644, 384h,
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HIH HoppHyy
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For s = 2, the principal error function is shown in table 5; the error constant is 0.032,
50 times smaller than that of the fourth-order Taylor series method. However, there
are four times as many equations to solve, and the convergence of the straightforward
iteration scheme

(1) e oy one. B (D
g1 T I\ TRWUL g T YY)

gy = f (xo +k(ay g™’ +aygd)

is usually slower than simple iteration in the Taylor series method. In the latter case,
an initial guess for g, can be obtained from any explicit method such as Adams-
Bashforth of the same order. For Gauss—Legendre methods, it is impractical to expand
the solution of (4.1) in a Taylor series because one needs to estimate all the cross
derivatives of f, which is expensive when N is large. Instead we have simply stored
some of the previous g’s and extrapolated to get an initial value. The order of the
extrapolation need not match the order of the integrator. With ¢ = g,|,_,., M-point
polynomial extrapolation gives

Iy

MY g

g?-H = Z(_I)j l( : )gi+l J,
j=1 J

This eliminates about two iterations for the pendulum (see table 6). Similar results
are obtained on the Hénon—Heiles system, and with rational instead of polynomial
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extrapolation. Convergence can be further enhanced by using full Gauss—Seidel, i.e.
re-evaluating f after each element of g, is updated, but this will usually not be
cost-effective.

Table 6. Convergence of implicit methods. We give the mean number of iterations for
each method to converge, per time step, with and without a predictor. The system is the
pendulum with initial condition (g, p) = (1, 1).

k Gauss-Legendre Taylor series
No predictor S-pt extrapolation  No predictor ~ Fourth-order Adams—Bashforth
k=025 113 104 8.5 7.1
k=01 8.8 7.2 6.2 4.6
k=001 5.8 35 39 20

The faster convergence and improved predictors possible in the Taylor series method
can be seen in table 6 for the pendulum. Because the number of iterations needed
is 1 + @(k), for moderate k both methods appear in figure 3 to be better than fourth
order, and perform roughly equally. In the general case, the Taylor series method
could be superior if the derivatives of H are fairly simple; otherwise Gauss-Legendre
is preferred. The latter also extends simply to higher order.

The Yoshida methods may be applied to general Hamiltonians if leapfrog is replaced
by the midpoint rule as the basic unit. The fourth-order version of this idea is also in
Sanz-Serna and Abia (1990, 1991): Let ¢(k) be the midpoint method with step-size k.
Then ¢(Bk) o ¢((1 — 2B)k) o p(Bk) is fourth order when f = (2 +2/3 +271/3)/3, We
find an error constant of (5543296 + 440624 - 21/3 43489430 - 22/3)1/2/6912 ~ 0.659 for
this method.

Midpoint variants are due to Feng and Qin Meng-Zhao (1987) and Stofer (1988).
By expanding about the point (x,+x,)/2, Feng and Qin Meng-Zhao obtain a one-step,
fourth-order method requiring only three derivatives of H and instead of the four
needed by the simple Taylor-series method.

2

- k2 k
H=H+ "2—4(Hx"'HxxJHx) =H+ 2—4(Hp:p;Hquqj - 2HPif1jHPiH'Ij + HqujHPiHPj)

X =x5+ kJﬁx((xo +x1)/2).

Note that there are 2N implicit equations to be solved. Because of the centred
expansion, the method is very accurate even though less information is used: the error
constant is 0.086, less than three times as large as fourth-order Gauss-Legendre. In
addition, one can use Adams-Bashforth as a predictor.

Stofer (1988) reduces the number of derivatives to two with

H=(1—-2p)H(x) + BH(x + akJ Hy(x)) + BH (x — akJHy(x))

where o2 = 1/24. The error constant is (9216 + 70(20a — 3))!/2/1152, which reaches
a minimum of ﬁ at @ = v/0.15, although surprisingly it does not depend strongly on
a. (This weak dependence was confirmed in numerical tests.) So this method seems to
be preferable to that of Feng and Qin Meng-Zhao.
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5. Examples

5.1. The pendulum

We first test the results of the previous sections by applying the methods to an integrable
system: the one degree-of-freedom planar pendulum, with Hamiltonian

foo wy — 1, roo
1I\Y4, ) — 3¢ —wWUsy.

We took the initial condition (2,0) on the upper homoclinic orbit and integrated
forward to ¢t = 5000. One expects a method of order p to trace out both homoclinic
orbits with an accuracy of @(kP). This is shown in figure 2, which also indicates that the
energy error agrees with our ‘average-case’ Hamiltonian error to within a factor of two.
For example, the root-mean-square energy errors ||H, — Hy|, for the four fourth-order
methods (optimal, Gauss-Legendre, Candy and Rozmus, and Taylor series) are in the
ratio 1:1.6:54:175 instead of the average Hamiltonian error 1:3.5:112:245. (Sometimes
the performance is better than the average case: on a chaotic orbit in the two degree-
of-freedom Hénon—Heiles system, errors for the optimal, Gauss—-Legendre, and Candy
and Rozmus methods were in the ratio 1:1.6:152.)

energy etror

0.001 3
3

107 F
[ —»—2nd order
1077 | —e—4th order
i —e—5th order
3 --o - Implicit
10-9 0 N L i 4 1 L 1
1 0.4 0.2 a.1

Time step

Figure 2. Energy error. The pendulum is integrated up to ¢ = 5000 with initial condition
(2,p) = (0,2) and calculated the T0Ot-mean-square eneTgy error over all time steps.

It is important to note that the error in the energy does not increase as t — oo,
because the discrete orbits cannot cross the nearby preserved invariant tori. 8o in this
case we do have the long-time stability often claimed for Sis.
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Figure 3. Relative efficiency of different methods. See caption for figure 2. Each implicit
method requires two trigonometric function evaluations per iteration in this case; we have
counted this as two force evaluations.

Different order methods can only be compared in specific cases, because the error
terms contain derivatives of different orders. Figure 3 shows that the optimal fourth-
order method is preferred for accuracies less than 1072 (k ~ 1), and the fifth-order
method for accuracies less than 4 x 1076 (k ~ 0.5).

The orbital (action) error (proportional in this case to the energy error, except near
(7,0) and (0,0)) will depend on the properties of the real system near the orbit. From
KAM theory (here in its guise as the Moser twist theorem (Moser 1973)), we know
that invariant tori with sufficiently irrational rotation numbers are preserved by small
O(e) symplectic perturbations. Here € = @(k?). The destroyed tori are ‘replaced’ by
island chains interlaced by chaotic separatrix meshes in the perturbed system. These
can give rise to larger errors in the discrete dynamics, as shown in figure 4, where
order L resonances magnify the energy error by more than an order of magnitude.
The position of the resonances are also shifted from their unperturbed values, because,
although closed orbits are preserved, the speed along those orbits changes by O(e).

However, as € — 0, the width of each resonant band is @(e'/?). For L > 2, this
is subdominant to the already-present error of @(e}, and we can expect to be able to
ignore resonances between the time step and the orbit if the time step is sufficiently
reduced. Thus, the resonances observed in figure 4 are a nonlinear effect; linear theory
cannot explain why some resonances are so much larger than others. The cases L =1
and L =2 indicate a kind of Nyquist sampling limit: we should not expect to reproduce
dynamics with a time-scale shorter than twice the time step.

5.2. Convergence of chaotic sets

Here we repeat the 1% degree-of-freedom example considered by Candy and Rozmus
(1991) to investigate the convergence of the optimal fourth-order method. We use this
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Figure 4. Effect of time step resonances. Here we integrate the pendulum with the optimal
fourth-order method for initial conditions (0,p), 0 < p < 4. The RMS energy error up to
¢t = 2000 is shown.

method in the remainder of the paper. The Hamiltonian
H(g,p,t) = 30" + }4* +ecos(qg — Tt)

governs the motion of a linear oscillator perturbed by a resonant plane wave. See
Candy and Rozmus (1991) and the references therein for a more extensive discussion
of this problem. The averaged system has a separatrix mesh joining the hyperbolic
points (rcos 6,rsinf) where J,(r) =cos76 = 0. In the full problem, these separatrices
split, forming a chaotic web, connected as r — co.

A Poincaré section is defined by the period of the forcing: T;=j2r/7,j=12,...
We vary the number of time steps per forcing period, m, and plot (¢,p) at t = T
As seen in figure 5, even m = 4 roughly reproduces the orbit. However, capturing its
finer-scale structure requires smaller time steps. To study this, we integrated until the
orbit dropped a level, took a window [—2,2] x [9, 11], and fit a least-squares polynomial
through all points lying within this window. This enables the mean path of the orbit
to be subtracted out and the vertical scale expanded, as shown in figure 6. For m = 6,
the higher-order resonances inside the chaotic set are destroyed, and m = 18 (k ~ 0.05)
is required to determine the shape of the set on this scale. By way of comparison,
leapfrog requires m = 500 to reproduce the fourth-order m = 18 resuits. The tiny
islands in the last frame of figure 6 have period near 1000, yet are well approximated
with only 18 time steps per period.

Channel and Scovel (1990) comment that the divergence of nearby orbits in a
chaotic set destroys the accuracy of a particular orbit, but that the invariant tori
bounding the chaotic set enable an SI to reproduce it. In fact, those bounding tori
may be among the first to be destroyed by the perturbation due to the integrator. A
convergence study is therefore essential.
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Figure 5. H = %(p2 + g%} —ecos{g — 7t). Part of an orbit on the chaotic web formed by
separatrix splitting (see figure 7). The initial condition is (go, po) = (0., 10.5939) and there
are m = 4 time steps per forcing period. The Poincaré map is shown for 25000 periods.
The orbit stays on the same two separatrix levels.

The shape of the closure of an orbit (what we have been calling the chaotic set)
is not its only property. Of greater importance are the long-time statistics of the
behaviour of orbits. For example, in this system we might calculate statistics on a
state variable defined as the separatrix level (see figure 7), or by the order in which
neighbourhoods of hyperbolic points are visited, or by a partition of phase space along
the asymptotic manifold of hyperbolic points. For simplicity, we defined an exit time
as the first time for which r = /g% 4+ p?2 < 8 or r > 17, i.e. the time for the particle to
move to a different separatrix level, in units of the forcing period 2n/7. (These orbits
almost always drop to the lowest level.) For € = 0.8, the mean time is more than 50 000,
so we took e = 2. To obtain statistics, we took 2235 initial conditions equally spaced in
a 107* x 104 square about (0, 10.5939). Although the exit time for a particular initial
condition will not converge until the entire orbit is tracked accurately, it is reasonable
to hope that the cantori within the chaotic band, and thus the distribution of times for
the whole ensemble will converge much more quickly. This is confirmed in table 7: even
m = 8 gives converged resuits (allowing for sampling error). Because of the extreme
skewness of such distributions, determining the tail accurately (time > 8000), and thus
the mean, is much more difficult.

5.3. Several degrees of freedom

As we saw in section 1, the discretization of an N degree-of-freedom Hamiltonian
evolves in the N +1 degree-of-freedom extended phase space (¢y,...,qy, &, Pys-- - » PnsPe)-
(Generally one takes ¢ =t and p: = H, the value of the Hamiltonian function on the
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Figure 6. Convergence of a chaotic set. The part of the orbit outlined in figure 5 is magnified
for four different numbers, m, of time steps per forcing period. Ap is the difference between
an iterate of the Poincaré map and the mean orbit (see text). The vertical scale around the
mean orbit is expanded by x250. The initial condition is as in figure 5 and 50000 forcing
periods are shown, unless the orbit first drops to a lower level. The bottom picture shows
some of the fine structure within the chaotic band.

orbit.} When N > 2, (N + 1)-dimensional invariant tori of the discrete system do not
separate regions of this space. Thus the error in the energy will not satisfy

sup |H(q(t), p(t)) — H(q(1), p(t))] = O(K) (.1)

0<gt<on

as it does in the one degree-of-freedom case. For 15 degrees-of-freedom, the extended
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Figure 7. Separatrix mesh. The separatrix mesh for the forced oscillator of section 5.2,
calculated from first-order averaging (from Candy and Rozmus (1991)).

Table 7. Exit time distribution. The exit times T for 225 initial conditions are divided into
bins 1000i < T < 1000(i +1) (0 < i < 11) and bin 12, T > 12000. We give the mean, T,
standard deviation s, and the number of orbits in each bin for different numbers of time

steps per period, m.

m T s Bin number

0 1 2 3 4 5 6 7 8 9 10 11 12
4 7185 14417 1 40 52 34 28 17 6 7 6 2 1 3 28
6 2285 3886 52 96 45 11 7 9 ¢ 0 0 1 1 1 2
8 2133 2165 45 106 44 14 4 6 1 0 1 0 1 0 3
16 2760 5214 38 101 40 22 11 3 1 1 0 1t 0O 1 6
24 2346 4095 38 107 40 20 8 31 3 2 0 1 1 1

phase spaces of the discrete and the continuous systems are the same, and KAM tori
separate it; so although the energy error can grow to be formally ©(1), at least the
discrete orbits remain confined to the correct region of phase space. But for N > 2 we
lose even this property.

The problem is qualitatively worst when N = 2. Here KAM 2-tori of the real
system separate a three-dimensional energy level set. But the discrete system has three
degrees of freedom, so KAM 3-tori do not separate the five-dimensional energy level
sets. The discrete orbits may therefore drift any distance across energy surfaces of the
real system, thereby crossing invariant surfaces of the real flow, and possibly entering
regions of phase space with quite different dynamics.

This drift is known as Arnol’d diffusion. If the real flow is almost integrable, or if
the initial conditions are close enough to an elliptic periodic orbit, from the estimates
of Nekhoroshev (Arnol’d 1978, appendix 8) the drift is generically exponentially slow
in the perturbation. We might therefore expect it to be negligible for practical purposes,
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and believe that this can account for some successful large-DOF integrations (e.g. in
Channel and Scovel (1990)). It still remains to be seen what advantages symplectic
integrators offer in fully chaotic, large-DOF systems.

If one wishes to investigate chaotic orbits or isolated invariant sets the diffusion
may be rapid. We investigated this phenomenon in the case of two coupled pendula,
with Hamiltonian

H(qy,495,p1,p2) = %(P% +P%) — €08 gy — COsq, — €¢os(g; — q;).

The behaviour of the energy error is strikingly different depending on the initial
conditions, although always O(k?) after a fixed time (see figure 8). With initial condition
(0, 2) near the elliptic orbit in which both pendula rotate anticlockwise in tandem, the
energy error is quasi-periodic, indicating an orbit on an invariant torus of H. With
initial condition (2,2}, on a chaotic orbit, it behaves like a random walk: even the
typical 0(y/t) growth is evident. As k is reduced, the rate of growth is reduced, but it
can never be eliminated. Even up to ¢t = 1000, errors are about 50 times larger than in
the previous case.

10—

H-1h

4

0 ¢ 25000

Figure 8. Energy error for coupled pendula. H — A is the change in energy from that at the
initial condition, k = 0.5: (a) initial condition (0,2) (near elliptic periodic orbit}; (b) initial
condition (2,2} (chaotic orbit). Note the different vertical scales.

The orbit quickly crosses to a different energy level of the real system and then
into regions which are forbidden in the true dynamics. If there are qualitative errors
like this, they can be delayed by reducing the time step (but the same could be said of
standard integrators). In any event, long-time stability in the sense of (4.1) is always
lost.
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In some N = 2 problems it may be possible to avoid this difficulty by a change
of variables. For instance, if one coordinate is monotonic (e.g. ¢, > 0) then the
Hamiltonian may be rewritten in the reduced phase space (e.g. H(g,, p;»t) = P2{a,,py, 1),
with time t = g,). Now, by construction, the original energy is conserved exactly! Of
course the value of the new energy (extending to N = 2 again) drifts as before, but the
possibility of Arnol’d diffusion has been eliminated.

For N > 2 degrees of freedom, the real system also exhibits Arnol'd diffusion.
However, the rate of diffusion, aithough smali, depends on the dimension of the
system, and would therefore be faster in the discrete than in the real system.
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