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ABSTRACT. In view of its influence on the stability of numerical integrators,
the dual composition method for producing energy-preserving discretizations
of conservative PDEs, which generalizes the summation by parts approach, is
introduced. Dual composition discretizations involve two compatible weighted
residual approximations: one which targets variational derivatives of (nonlin-
ear) functionals, and one which targets linear differential operators. In the
simplest cases, it coincides with a pseudospectral, Galerkin, discretization. In
general, however, the resulting differentiation matrices are not the standard
pseudospectral—or the standard Galerkin—ones. Nonetheless, fast implemen-
tations can sometimes be recovered.

The emphasis is on pseudospectral bases; however, spectral and finite ele-
ment bases are also discussed. Fourier antialiasing is shown to make some
discretizations conservative; a Chebyshev grid analog is presented. Semi-
discretizations of the one-way and the inhomogeneous wave equations on the
interval are discussed. Several semi-discretizations, some of them Hamiltonian,
of the Korteweg-de Vries equation on the circle are compared. The shortcom-
ings of quadrature approximations of energy functionals are discussed.
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1. INTRODUCTION

For all u,v € C*([-1,1]),

1 1
(1) / udpv dx = —/ 0O udr + [uv]'

—1 -1
so the operator 0, is skew-adjoint on {w € C'([-1,1]) : w(£1) = 0} with respect
to the L? inner product ().

Take n points z; € R, a real function v(z), and estimate v'(z;) from the point

values v; := v(z;). In vector notation, v = Dv, where D is a “differentiation
matrix.” For example, with the grid of Chebyshev extreme points z; = — cos(-"7),
1=0,...,n—1, the Chebyshev pseudospectral differentiation matrix for n = 4—so

that (xo,x1,z2,23) = (—1,-1/2,1/2,1)—is

19 24 -8 3
1 -6 2 6 -2
(2) D=¢l 9 6 —2 6|

-3 8 =24 19

which is not antisymmetric. This is typical: Chebyshev differentiation matrices are
not antisymmetric (for all n > 2), unlike the Fourier spectral and centered differ-
ences differentiation matrices on uniform periodic grids. This has been observed
many times in the literature, usually without comment other than it being unfor-
tunate [3, 11, 13, 14, 18, 34, 35, 36, 37, 41]. This “failure” to be antisymmetric
is puzzling in view of the (formal) skew-adjointness of d,. Is the global nature
of Chebyshev interpolation the problem? Is the lack of translation symmetry of
the grid at fault? Is some key property of trigonometric functions missed by poly-
nomials?' Perhaps the boundary values are at fault? If we restrict to functions

Tt can be shown that a differentiation matrix obtained by interpolating, differentiating the
interpolant, then evaluating the result at the grid points—as is done in pseudospectral and many
finite difference methods—is antisymmetric if the interpolation operator is reflection invariant
(if piecewise interpolants use local stencils, “local” reflection invariance is sufficient). Unless the
interpolation stencil is very small, such interpolation operators are only practical on uniform
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satisfying w(£1) = 0, then the boundary terms in (1) vanish and 0, is skew-adjoint
with respect to the L? inner product. The corresponding differentiation matrix is
the central 2 x 2 block in (2), which is not antisymmetric either.

When discretizing conservative PDEs, antisymmetry matters for several reasons:

(i) Antisymmetry is necessary and sufficient for the construction of schemes with
conserved quantities such as energy. For, if v. = DVH(v) and D is antisym-
metric, then

H=(VH)'v=(VH)" DVH =0,

and conversely, if the flow of v = f preserves H(v), then fTVH = 0, and
consequently

f= {% (f (VH)" - (VH) fT) } VH,
|VH|
the bracketed matrix being antisymmetric. (See [19, 20, 21, 22] for details
and generalizations.)

(ii) Lack of antisymmetry leads to nonnormal matrices, which are not well char-
acterized by their eigenvalues. Instead of a fairly straightforward eigenvalue
analysis [14, 18, 31], the stability analysis of schemes based on nonnormal
matrices involves more sophisticated techniques based on the Kreiss matrix
theorem [14, 16, 18, 28, 31, 30, 38, 39] or pseudospectra [32, 33, 36].

(iii) Skew-adjointness is a structural feature associated with the differential oper-
ator 9. Such features should be preserved under discretization if we want
schemes that are natural and robust in the face of changes in the grid, the
solution, or the operator.

The solution to the “puzzle” is that the inner product used in (1)—the L? in-
ner product (v, w) := fil vw dz—must be discretized along with the operator 0,.
Thus, suppose that the discrete approximation of the inner product (,) is

1
(v,w)g = viSw ~ / vwdr = (,),
-1
where S is symmetric positive definite. Then, for differentiation matrices of the
form

(3) D=S"1"A,
where A = —AT is antisymmetric,
(4) (v,Dw)g + (Dv,w)g = vISST'Aw + v ATS TSw = 0.

That is, D is skew-adjoint with respect to the inner product (,)g. The question
now becomes: which differentiation matrices D have factorizations of the form (3)?
The Chebyshev pseudospectral D shown in Eq. (2) factors as

(5) D=5"'4
4096 —304 496 —1024 ~135 184 -T2 23
_ 1 | 304 811 -259 496 | 1 |-184 0 256 72
52| 496 259 811 -304 | 270 | 72 -256 0 184
~1024 496 —304 4096 ~23 72 -184 135

periodic grids. Note that trigonometric interpolation and a uniform grid on the circle do not
guarantee an antisymmetric differentiation matrix; a counterexample is given in Section 2.4.3.
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The matrix A is not quite antisymmetric; its first and last diagonal entries corre-
spond to the boundary term in (1). Thus,

(6) <V7DW>S = - <DV7W>S + [Uw]l—la

and D is skew-adjoint with respect to functions for which the boundary term van-
ishes, just as in the continuous case. The construction which leads to Eq. (5) is
carried out in a general setting in Section 2.

We systematically distinguish properties which are invariant under arbitrary
change of basis from those which depend on a particular choice. The symmetry
of S and antisymmetry of A are intrinsic, i.e., basis independent, unlike that of D
itself. In the case of Fourier pseudospectral differentiation, for example, two “co-
incidences” (explained in Section 2) imply that S = I in the standard basis, and
therefore that the corresponding D = S—'A is A itself and consequently antisym-
metric.

Although such factorizations are very well known in the field of finite element
methods, they are not in other contexts. They appear to have been introduced for
finite difference methods by Kreiss and Scherer [17] (see [6, 7, 24, 29] for develop-
ments). Although the coincidence of spectral collocation and Galerkin discretiza-
tions when the inner product and collocation points are “matched” is well known
[3, 14], the earliest reference, that we know, to the existence of factorizations of the
type (3) for arbitrary grids and inner products to Carpenter and Gottlieb [5].

Summation by parts formulas like Eq. (4) have been used to establish the stability
of discretizations of linear PDEs by control of [u?dz (the energy method) [5, 6,
7, 14, 15, 18, 24, 27, 29]. In Sections 4 and 6, we generalize the “summation by
parts” approach to include nonlinear equations, differential operators other that
D = 9,, and energy functionals other that [wu”dwz, and shed light on standard
pseudospectral, Galerkin, and antialiased pseudospectral methods.

The Fast Fourier Transform-based approach which makes pseudospectral meth-
ods desirable can be applied to evaluate Galerkin discretizations exactly in some
cases. In Section 4, we show that if D(u) depends linearly on the field variable
u, as it does in many Eulerian fluid equations, then an antialiased pseudospectral
scheme does evaluate the Galerkin approximation exactly (this also holds if D(u)
is polynomial in u). We claim that this is the origin of antialiasing’s famous ability
to suppress nonlinear instabilities [3]. (See, also, [26], in which antialising of the
solution and analogously projected boundary conditions are used to control the in-
stabilities of Chebyshev collocation discretizations of symmetric hyperbolic PDEs
with variable coefficients.) This interpretation of antialiasing allows us to formulate
a polynomial analogue of classical Fourier antialiasing.

The main application of summation-by-parts formula like Eq. (4) is to energy
properties of numerical integration methods. For stability reasons, if the rate of
change of the energy of continuous solutions depends only on boundary fluxes then
the same should be true of the discretization. If the PDE is conservative, we want
to know how to make the discretization conservative, or at least control the energy
flux.

Let H(u) be a continuum conserved quantity, which we call the energy. In
Section 6, for PDEs of the form

oH

™) i = D)5,
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we construct corresponding “linear-gradient” spatial discretizations, namely ODEs
of the form

(8) u = L(u)VH(u)

with appropriate discretizations of u, D, H, and 6 /du.

For a PDE of the form (7), if D(u) is formally skew-adjoint, then d# /dt depends
only on the total energy flux through the boundary, which is often of a fixed sign;
if D(u) is skew-adjoint, then the energy flux through the boundary is zero, and H
is an integral. Analogously, if (8) holds,

H = (VH)™a = (VH)TLVH = (VH)T%(L+LT)VH,

so that H cannot increase if the symmetric part of L is negative definite, and H is
an integral if L is antisymmetric. (Conversely, all systems with an integral can be
written in “skew-gradient” form, i.e., as in Eq. (8) with L antisymmetric [21, 22].)

Only for very simple problems, such as the wave equation, does the standard
Galerkin approximation lead to a linear-gradient discretization. In Section 6, we
introduce a general discretization method, based on compatible weighted residual
discretizations of the linear operator D(u) and the variational derivative dH/du,
which produces linear-gradient spatial discretizations of PDEs of the form (7).
We call it the “dual composition” method. (Note that although we do not use
the language of mixed finite element methods to describe it, the dual composition
method does fit in the mixed FEM framework.)

Briefly, we use two finite-dimensional function spaces §o and §;, where §p is
“natural” for H, and §; is a “domain of interior skewness” for D. For u € Fo,
we approximate % in ¥ with weights (test functions) in §o. For v € i, we
approximate Dv in §g, with test functions in §;. This leads to discretizations

D)) ~ (s a5~ Vi)

of linear-gradient form. Moreover, if D is skew-adjoint, then AT = —A, and the
discretization is of skew-gradient form so that H is an integral. In Section 7, the new
methods are applied to the wave equation, the Korteweg-de Vries (KdV) equation,
and an inhomogeneous wave equation.

Hamiltonian systems are naturally in the form (7), with H the Hamiltonian and
D(u) the Poisson operator. If D is constant—that is, independent of u—then so
is A, and the discretization (8), with L = S~™TAS~! is a Hamiltonian system.
An earlier study [20] revealed that spectral, pseudospectral, and finite difference
approximations on constant grids are Hamiltonian for constant Poisson brackets.
However, only constant grids were considered, so the problems that arise on other
grids and function spaces were not appreciated.

The theory applies to spectral, pseudospectral, and finite element methods with
arbitrary grids and Hamiltonians. The energy # is approximated by H(u) :=
H(u;f;), where {f;} is a basis of §o. If H is complicated, this may be very expensive
to compute, so we consider in Section 8 whether the nonlinear terms in H can be
approximated by quadrature. In general, unfortunately, quadrature destroys the
energy conserving structure of the discretization.

We do obtain conservative discretizations in four cases:
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(i) when the energy H(u;f;) can be evaluated cheaply (say, in closed form) and
D is skew-adjoint on §; (in some cases, cheap evaluation of % rather than
‘H itself is sufficient);

(ii) when the grid is periodic and constant-spaced;

(iii) when the energy integral is approximated by quadrature and the basis {f;}
is orthogonal, e.g., the cardinal functions on Legendre points on [—1, 1];

(iv) when the energy integral is approximated by quadrature and D commutes
with the diagonal matrix of quadrature weights (for example, for Hamiltonian
PDEs in canonical variables).

2. DIFFERENTIATION MATRICES

Our primary aim is correct energy flux in the interior of the spatial domain. In
general, there may be boundary contributions as in Eq. (1). This motivates the
following.

2.1. Domains of skewness.

Definition 1. Let (F,(,)) be an inner product function space, §1 C § be a linear
subspace, and D : §1 — § be a linear operator.

We say that D is formally skew-adjoint (with respect to (,)) if there is a func-
tional b(v,w), depending only on the values at the boundary of v and w and finitely
many of their derivatives, such that

(v, Dw) = — (Dv,w) + b(v,w), Yv,w € F;.

§1 is called a domain of interior skewness of D. If b(v,w) = 0 for all v, w € F1,
then §1 is called a domain of skewness of D, and we say that D is skew adjoint.

If § is omitted, we assume it is an appropriate Lo space. If b is omitted, we
assume that such a b exists. If the spatial domain has no boundary, then interior
skewness coincides with skewness.

Definition 2. The bilinear operator A :F1 X §1 — R is defined by
9) A(v,w) := (v, Dw) .

Proposition 1. A is antisymmetric if and only if D is skew-adjoint with respect

to (,).

We illustrate the key ideas with the differential operator D = 0.

Example 1 (Domains of skewness of D = 9,). Let ¢ = C'([-1,1]). Eq. (1)
shows that the following are domains of interior skewness of D = 9,, with (i)—(iv)
being fully fledged domains of skewness. Examples (i)—(v) are infinite dimensional
function spaces, while (vi)—(viii) are finite dimensional.
(i) §1 = CHSYH = {ve€:v(l) =v(-1), va(1) = vy(—1)} (“periodic”).
(ii) §1 ={v € €:v(£l) =0} (“zero boundary values”).
There is no domain of skewness containing both of the following domains of
skewness. Thus, in general, there is no unique maximal domain of skewness.
(iii) 1 ={v e :v(l) =v(—-1)} (“equal boundary values”).
(iv) §1 ={veC:v(1) = —v(-1)} (“opposite boundary values”).
Although D is the differentiation operator d,, functions in the domain of skew-
ness need not be differentiable everywhere.
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(v) Let =1 =29 < 21 < --- < zp, = 1 be a partition of [—1,1] with interior
P=[-1,1]\ U{z;}.
1 =CHP)NC%([-1,1]) (“piecewise C17), b(v,w) = [vw]! ;.

The next three examples are finite-dimensional function spaces used in numerical
approximations: Sirig in spectral methods, 3§’°ly in pseudospectral methods, and
§;¥ in finite element methods.

(vi) 38(n) = {v:v =ao+ Sp_, arsin(kz) + b cos(kx)} (“trigonometric poly-
nomials of degree n”), b(v,w) = [vw]: ;.
(vii) 3% (n) = Bn([~1,1]). (“polynomials of degree n”), b(v, w) = [vw]™,.
(viil) FP(n,r) ={v € C"([-1,1]) : vz} 0s11] € Bnl[zi, ip1])} (“piecewise polyno-

mials of degree n with r derivatives”), b(v, w) = [vw]* ;.

In general, D = &, does not map §; into itself. Examples (vi) and (vii), g "

and Slfoly, are the only ones with D(F1) C §1.

For numerical work, a basis of §; is chosen. We write { f;} for a basis of ;. Given
a grid {z;}, a cardinal basis is one for which f;(x;) = d;;. For PB,([—1,1]), useful
bases are the Legendre polynomials, the Chebyshev polynomials of the first kind
{Tj(x) : 0 < j <n}, and, given a grid, the cardinal basis of Lagrange interpolating
polynomials. If (f;, f;) = 0;; for all ¢ and j, the basis is said to be orthonormal
(with respect to (,)).

Any v € §1 can be expanded uniquely as

v(x) = B, fi(x)
(we sum on repeated indices). For a cardinal basis, 8; = v(z;) = v;. We collect

the (“spectral”) coefficients 3; into a column vector 3, and the point values v; into
a column vector v.

Definition 3. Let {f;} be a basis of §1. Lij :== L(fi, f;) is called the (i, j) matrix
element of the bilinear operator £ : §1 X §1 — R. If §1 has finite dimension n,
then L = (L;;) € R™™™ is the matrix of L with respect to the basis.

Definition 4. S is the matriz of the inner product (,).

Proposition 2. S is symmetric positive definite. The basis is orthonormal if and
only if S = 1, the identity matriz.

Definition 5. A is the matriz of the bilinear operator A.

Proposition 3. §, is a finite dimensional domain of skewness of D if and only if
A is antisymmetric.

2.2. Differentiation in finite dimensional function spaces. Two things cause
differentiation in the space §; to be nontrivial. Firstly, we may not have D(F;) C
§1. Secondly, functions in D(F;) may not satisfy the same boundary conditions as
functions in §.

The only reasonably general method for constructing approximations that re-
spect the symmetry of the underlying operators was found by the authors to be
closely related to the weighted residual method [3, 10, 42], a generalization of the
well-known Galerkin finite element method [3, 10, 14, 42].

Definition 6. Let §1 be an inner product function space. The Galerkin approzi-
mation of Dv is the unique function v’ such that (w,v") = A(w,v) for all w € F.
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We require the residual v' — Dv to be orthogonal to §1, with respect to the
inner product which makes D (formally) skew-adjoint. For accuracy, it is important
that §; be a reasonable space in which to approximate Dv for v € F;.

Compare this to another standard spectral method in which the residual is re-
quired to be orthogonal with respect to the inner product in which the basis is
orthogonal. The Chebyshev polynomials, for example, are orthogonal with respect
to the inner product (u,v) = fil uv(1—x?)~'/? dzx, not the L? inner product. Such
methods are convenient since they lead to explicit approximations because S is then
diagonal and consequently S~ trivial to compute. Typically, however, they do not
lead to symmetry-preserving methods, because the inner product was chosen to
suit the basis, not the operator D.

For a Galerkin method, the test functions are equal to the trial functions. Ex-
panding in a basis {f;} of §1, let v = B; f;, v' = B} f;, and w = 7; f;. Then

Y'SB' = ~"AB, V.
Since S is nonsingular,
B =S"tAB.
Note that in practice it is not always necessary to compute S and A: one can
instead compute Dv exactly and project it orthogonally onto §;.

Definition 7. The Galerkin differentiation matrix D associated with the inner prod-
uct (,) and basis {f;} is D := S~1A.

When the functions f; are nonlocal, D is often called the spectral differentia-
tion matrix. The link to standard pseudospectral methods is that some Galerkin
methods are pseudospectral.

Proposition 4.
(i) If D(§1) C §1, then v' = Du, i.e., the Galerkin approzimation of the deriva-
tive is exact.
(i) If D(81) C &1 and {f;} is a cardinal basis, then D is the standard pseudospec-
tral differentiation matriz.

Proof.

(i) We have {(w,v' —Dv) = 0 for all w € F;. If Dv € Fy, then v' = Dv is a
solution. But solutions are unique because S is nonsingular.

(ii) From (i), the derivative is exact. We have v = f;f;, so Dv = 3;Df;. In a
cardinal basis, spectral coefficients and point values coincide, so the spectral
coefficients of the derivative are Df;(x;)0;, i.e., Di; = Df;j(z;). This is exactly
the standard pseudospectral differentiation matrix. O

We emphasize the following points—well known in the finite element context—in
the pseudospectral context:
(i) Galerkin differentiation depends only on §i, i.e., it is basis independent.
(ii) The matrices A, S, and D depend on the chosen basis, but the factorization
D = S~ 1A is true in any basis.
(iii) The construction is independent of the grid.
(iv) The factorization D = S~ A allows us to study antisymmetry.

Proposition 5. If § is a domain of skewness, then
(i) D is skew-adjoint with respect to the inner product induced by S,
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(ii) D is similar to an antisymmetric matriz, and
(iii) D is antisymmetric if the basis is orthonormal.

Proof. By Proposition 3, A is antisymmetric. Let 3 and « be column vectors.
(i)
(B,Dv)g = B'SS Ay = Ay = —4"AB = —(DB,7)s.

(ii) Since S is symmetric positive definite, it has a unique symmetric positive
definite square root S 2. Therefore

D=S5"14=5% (s—%As—%)s%.

(iii) If the basis is orthonormal, S = I, so D = A, which is antisymmetric if §; is
a domain of skewness. m

The matrix A is not always antisymmetric, because of the boundary terms.
However, it is antisymmetric up to boundary terms, in the following sense.

Proposition 6. Let §; be a domain of interior skewness of D. Then A and A are
antisymmetric when evaluated on functions satisfying skew boundary conditions,
that is, A(v,w) = —A(w,v) and BY Ay = —BY AT~ for all v = Bifi, w=;f;
such that b(v,w) = 0.

Proof. True for A by definition. A is the representation .4 with respect to the
basis. |

2.3. Change of basis. The transformation rules for a multilinear operator (dif-
ferentiation, inner product, etc.) depend on its type and determine its normal form
and invariants. For example, the linear map x — Lz transforms under y = Cz to
y = CLC'y; L is transformed to CLC~!. The invariants associated with L are
therefore its eigenvalues, and L can be transformed to its Jordan normal form.

Let {f;} and {fi} be two bases of the linear function space §,. Let A (resp. A)
be the matrix of A in the basis {f;} (resp. {f;}), etc. Each function f; can be
expanded as

fi=Cif;
Then,
Sii = /fzf]dl" = /Cikfkcjzfzdﬂ? = CieSuCii,
that is,
(10) S=csct.
Similarly,
(11) A=CcAC?,
while

D =S4 =c"stctcAct = ¢7tstACt = ¢DCt.
A and S transform as (0,2) tensors, D as a (1,1) tensor, that is, a linear map.

If A and S are antisymmetric, so are A and S , regardless of C. However, if D is
antisymmetric, then D is antisymmetric if and only if D commutes with CTC, for
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example, if C is orthogonal. Antisymmetry is an intrinsic property of (0,2) tensors
but not of linear maps.

The invariants of D are its eigenvalues. S has no invariants: there is a basis
in which S = I. If A is antisymmetric, its only invariant is its rank: Darboux’s
theorem (see, e.g., [25]) states that it can be brought into the normal form

0 I O
-I 0 0
0 0 0

for submatrices of appropriate size.

If the eigenvalues of A are not invariant under changes of variables, do they have
any meaning at all? In a sense they do; for, since A is antisymmetric, it is normal,
hence unitarily diagonalizable, say to UAU~! = A. Since U is unitary, A is a valid
transformation of A. The imaginary conjugate pairs of eigenvalues, which can be
reduced to +i by a (nonunitary) change of variables, reflect the nonorthonormality
of successive pairs of conjugate variables.

Example 2 (Orthonormalization). Let {f;} be any orthonormal basis, con-
~ _1
structed by, e.g, Gram-Schmidt orthonormalization of {f;}, or by f; = Sii% fi-

Then S =1 and S = C~1C~T. This can be viewed as a way to evaluate S, or as a
way to construct an antisymmetric D.

Example 3 (Spectral coefficients to point values). Cardinal bases have the
nice property that f;(z1) = 1, so that the expansion coefficients with respect to
a cardinal basis correspond to point values. With a cardinal basis, if the boundary
points are included in the grid, the boundary term [vw]!, in Eq. (6) equals v,w,, —
VoWo -

Let {f;} be an arbitrary basis and {f;} be a cardinal basis for the grid points
{z;}. Then f; = Ci;f; gives dy, = filzr) = Ci;fi(zy), ie., I = CF, where
Fji == f;j(z1). Consequently, A and S can be calculated in a convenient basis, and
then transformed to a cardinal basis using Eq. (10) and (11) with C' = F~1.

Example 4 (Spectral weights). Instead of the spectral coefficients §;, one might
want to use the spectral weights

ﬂNi = /vfida:.

The new basis functions are f; = S;l fj. Thus, working in terms of weights is
equivalent to a change of basis with C = ST = S~!. Only when the original
basis is orthonormal are weights and coefficients actually equal. The differentiation
matrix with respect to the spectral weights is AS~!.

An alternate definition of the Galerkin differentiation matrix in terms of the
spectral weights can be given: If v = g;f;, then o' = Dv = f;Df;, and
it is natural to set the spectral weights of each side equal, so that, as before,
B = Ap = AST1B.

The matrix factors S and A are, we believe, more fundamental than D itself
in any study of pseudospectral differentiation. Similar factorizations exist on ar-
bitrary grids (as shown in [5], where the Legendre grid is studied in some detail).
This is important, because the accuracy of numerical differentiation, unlike that of
quadrature, is not strongly dependent on the grid [11].
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Proposition 7. A square matriz D is skew-adjoint (that is, there exists a positive
definite hermitian matriz S and a skew-hermitian matriz A such that D = S™1A)
if and only if D is diagonalizable and its spectrum is purely imaginary.

Proof. Suppose that D is skew-adjoint. Because S is positive definite hermitian, it
has a positive definite hermitian square root K. Consider

D:= K 'AK™

Note that D = K~'DK. Because diagonalizability and spectrum are invariant
under similarity transformations, it suffices to consider D. D is normal, and con-
sequently diagonalizable, since

DD*—D*D = K'AK'KA*K™* - KT*A*K*K'AK™!
= —K'AST'AK '+ KT'AST'AKTT = 0.

D has purely imaginary spectrum because it is skew-hermitian.
Conversely, suppose that D is diagonalizable and its spectrum is purely imagi-
nary, so that D = Ki¢LK ! with L diagonal and real. Then,

D= (KK*)(iK *LK™).
The first factor is hermitian positive definite, the second, skew-hermitian. O

Although the eigenvalues of A and S do not have “physical” meaning, they do
matter when studying the stability of schemes based on a family of matrices of the
form D = S~!A with the help of generalizations of the Kreiss matrix theorem as
found in [14, 18, 31, 38, 39].

2.4. Fourier differentiation. We now examine the structure of spectral differen-
tiation matrices in detail. Of course, their properties are already well known. Our
purpose is to shed light on why the spectral differentiation matrices are antisym-
metric. This is the simplest setting in which to study the above theory, because no
boundaries “get in the way”.

2.4.1. Fourier differentiation matrices of odd dimensions. Consider periodic func-
tions on the circle S, identified with the interval [—m, 7). C'(S!) is a domain of
skewness for D = 9,.. A (2n + 1)-dimensional subspace §; is spanned by

(12)  fi=

1 1
and for = — cos(kx), fory1 = —=sin(kz), k=1,...,n.
™

1
V2m VT VT
This basis is orthonormal. With respect to this trigonometric basis, S = I and
D = A is antisymmetric (Propositions 3 and 5 part (iii)); specifically, A is block
diagonal:

w o= aza(o (D)% ().

Unlike the antisymmetry of D, the antisymmetry of A depends only on D and §1,
not on the choice of basis (Proposition 3). For example, if we make the single
change fo = vf2, then the corresponding spectral differentiation matrix

ﬁ:diaug(O,(_i)/7 g>,<_02 (2)>”<—0n 8))
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is no longer antisymmetric, but its factor A still is—the only change is that 21\23 =
—A32 = 7.

What about the Fourier pseudospectral differentiation matrix? Select a set of
grid points {z;}. Since D(F1) C F1, the pseudospectral differentiation matrix D
is the Galerkin (= spectral) differentiation matrix expressed in the cardinal basis
(Proposition 4 part (ii)). Transforming as in Example 3, we see that the classical
pseudospectral differentiation matrix D has the form

(14) D =S4,

where N
S = F ST = plp T

and N
A=FAFT.
So,
D=FTAp~T,
If the grid is uniform, the matrix F' satisfies
n
FF' = U

(it is the real form of the matrix of the complex basis €%, which is circulant and
for which FFT can be evaluated using geometric series). Therefore,

~ 2
S=-1,
n
so that the cardinal basis functions are orthonormal up to a uniform scaling, S is
a multiple of the identity, and D is antisymmetric.

2.4.2. Fourier differentiation matrices of even dimensions. The situation is analo-
gous for the standard Fourier spectral and pseudospectral differentiation matrices
of even dimensions—frequently used because the FFT can be performed very ef-
ficiently on a grid with a power of two number of points using the Cooley-Tukey
algorigthm [8]—even though in this case D(F1) € F1. In the spectral case—using
the trigonometric basis (12) minus the last sine mode—D is still equal to A which
is antisymmetric because the basis is still orthonormal and its span a domain of
skewness; A is as in Eq. (13) except that the last diagonal block is a 1 x 1 zero ma-
trix. In the pseudospectral case, things work out as above because the derivative of
cos(nx) vanishes at all points of the customary uniform grid (the zeros of sin(nx)):
Eq. (14) still holds, and D, again, is antisymmetric.

2.4.3. Trigonometric interpolation and a uniform grid do not guarantee an antisym-
metric differentiation matriz. Unlike spectral differentiation matrices, pseudospec-
tral differentiation matrices are invariant with respect to rescalings of the basis
functions (which are used for interpolation). If the number of grid points is odd,
the Fourier pseudospectral differentiation matrix is antisymmetric no matter which
uniform grid is used—that is, even if the grid is not “anchored” at 0—because
the corresponding interpolation operator commutes with reflections and 9, anti-
commutes.

However, even in this simplest of situation—uniform periodic grid and trigono-
metric basis functions—one can see how fragile the antisymmetry of the pseudospec-
tral differentiation matrix is. With the basis (12) truncated at an even number of
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basis functions, we have D(F1) Z §1; consequently, Proposition 4 cannot be used to
show that the pseudospectral differentiation matrix is identical to the Galerkin one
expressed in the cardinal basis; indeed, in Section 2.4.2, we had to call on the fact
that the derivative of cos(nz) vanishes at all points of the customary uniform grid.
This, however, does not hold in general: generically, the cardinal basis Galerkin and
pseudospectral discretizations are distinct, and the pseudospectral differentiation
matrix is not antisymmetric.

For example, keeping the same basis functions for interpolation as in Section 2.4.2,
but translating the usual uniform grid by 6, so that

i —1
T, = <—1+Z—>7r+0,i:1,...,2n,
n

produces a non-antisymmetric pseudospectral differentiation matrix D for almost
all #’s. To wit, let

(15) v; = cos(nb) sin(nx;), i =1,...,2n.

We do not allow cos(n#) to vanish because otherwise the interpolation problem
does not always have a solution in the span of the basis functions. Suppose also
that sin(nf) # 0, so that v # 0. We show that v is a real eigenvector of D with
non-zero (real) eigenvalue, so that D cannot be antisymmetric, and actually cannot
be skew-adjoint with respect to any inner product.
Because
sin(nz) cos(nf) — cos(nz) sin(nf) = sin(n(z — 0))

vanishes at all the grid points, the function in the span of the basis functions which
interpolates the point data (15) is sin(nf) cos(nz). Consequently, v/ := Dv is given
by

vi = 0, (sin(nf) cos(nz))| = —nsin(nd) sin(nx;),

T=x;

and
Dv = —n tan(nf)v.

For example, the matrix of the Fourier pseudospectral discretization of 0, using
the grid {—m + 6,6} and interpolation basis {1, cos(z)} is

~ 1 1 -1
D= itan(ﬁ) <_1 1 ) ,

which is antisymmetric only if sin(f) = 0.

2.5. Polynomial differentiation. Differentiation on spaces of polynomials on
[—1,1] is very similar to Fourier differentiation. The twist is the presence of bound-
ary conditions in the domains of skewness.

The theory guarantees the factorization D = S~ A for any basis. §1 = B.([—1,1])
is a domain of interior skewness which is closed under D = 0,.. Seeking a form which
manifests the influence of the boundary, we use a cardinal basis over a grid with
points at the boundary.

The symmetric part of the matrix A in the factorization (5) of the Chebyshev
differentiation matrix—the two elements +135/270 = +1/2—is shown in the fol-
lowing proposition to be solely a consequence of having grid points at the boundary
(given that the basis functions are smooth).
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Proposition 8. Let {f;} be the Lagrange polynomials on the grid —1 = zo < z1 <
- <z =1, that is, fij(x;) = d;;. Then the symmetric part of A, sym(A4) :=
(A+ AY)/2, is zero except for sym(A)p, = —sym(A)g = 1/2.

Proof.

_127 t=7=V,
PRl t=J]=n,
0, otherwise.

O

sym(A)y = 5 [ £Df+ fiDfide = SUff1 =

Using the Chebyshev extreme points x; = cos(im/n), i = 0,...,n—listed, this
time, from right to left, as is usual when using cosine transforms—A can be eval-
uated in closed form with respect to the non cardinal basis {T;} of Chebyshev
polynomials, and then transformed to the cardinal basis. We have

1 0, 1 —j odd
S = / Tillyde = —2(i° + 57— 1) i —J even
! A+ -1 -4)*-1)
[26] and
1 2;2 .
Agheb = / TPT de = { 77— ' dodd
-1 0, i —J even
with change of basis F;; = Tj(z;) = cos(ijm/n), a discrete cosine transform;

then A = F-1Ahebp—T — p—1gchebp—1 s#*NJCOLAS: PUT IN THE CLOSE
FORMS.***

Figure 1 shows the matrices D, 4, S and S~! for n = 15. S and A are very
regular, both on and off the diagonal, and show less “wild behavior” than D, which
is dominated by huge entries near the boundary points +1.

Because D is exact on B,, and the n + 1st derivative of polynomials of order
n + 1 vanishes, D is nilpotent, and its only eigenvalue is zero with geometric mul-
tiplicity 1, independently of the chosen basis of 93,. Consequently, the Jordan
block decomposition of D is 0’s everywhere but on the first upper diagonal, and
similarity transformations which produces the Jordan form are readily available:
given any polynomial p of degree (exactly) n, one can take the jth column of the
transformation matrix to be the point values of the n — j + 1st derivative of p (this,
again, holds irrespective of the grid, and, replacing “point values” by “expansion
coefficients,” for any basis of ,,).

D is not diagonalizable since its Jordan block decomposition is not diagonal.
Consequently, there is no matrix which induces an inner product with respect to
which D is skew-adjoint by Proposition 7.

Since A is a real matrix, its spectrum is symmetric about the real axis; using that
0. anticommutes with reflections and that the grid is symmetric about the origin,
one can show that A’s spectrum is symmetric about the origin, and consequently
the imaginary axis, as well. Because the nullspace of A is the same as the nullspace
of D, the geometric multiplicity of the eigenvalue 0—corresponding to the Casimir
of 9,—is always 1; the algebraic multiplicity of 0, on the other hand, appears to be
1 when A’s dimensions are odd, 2 when even. The other eigenvalues of A appear
to be single, purely imaginary, and fill (—irm,iw) uniformly as n — oo (Figure 2);
for example, the largest two eigenvalues of A, for n = 1023, are +3.13i. It appears
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16x16 matrix D 16x16 matrix S

2E-1

-9E-3

16x16 matrix A 16x16 matrix S~

Figure 1: Matrix entries of the Chebyshev differentiation matrix D and its factors
S, Aand S7! (D =S 1A), for n = 15.

that the non-zero part of the spectrum of A is {iA;, —i\1, ..., i m, —iA;y,} with

21
n+3

(16) Aj = j

for n odd (A’s with even dimensions), and

27 1
(17) )\an+3< _§>

for n even. For n = 1023 for example, the ratio between A; and 27j/(n + 3) which
deviates the most from 1 is 1.0003.

The eigenvalues of S very closely approximate the quadrature weights of the
Chebyshev grid (Figure 3). The ratios of the four smallest eigenvalues and the four
smallest quadrature weights, for n = 63, are 1.85, 1.89, 1.33 and 1.36: even the
extreme eigenvalues show little “spurious” behaviour. This is not too surprising,
given that S and the diagonal matrix of quadrature weights have the same row and
column sums, and that, as approximations of the L? inner product, they are exact
on P, X P, where m is the largest integer such that m < n/2.
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Figure 2: Logarithms of the ratios of the non-zero eigenvalues +i)\; of the Cheby-
shev differentiation matrix factor A, and of 2wij/(n + 3), for n = 1023 (non-zero
eigenvalues, which appear to be single and purely imaginary, come in conjugate
pairs). All the ratios are very close to 1, which supports Eq. (16). The correspond-
ing graph for n = 1022, using Eq. (17) instead of Eq. (16), is a carbon copy.

2.6. Finite elements. For piecewise polynomial functions PP (n,r), spectral dif-
ferentiation boils down to the Galerkin finite element method. The important point
is to take §F; a domain of interior skewness: with D = 0,, we can get away with
mere continuity at the nodes, i.e., § = FPP(n,0). With linear elements (n = 1), S
and A are tridiagonal and we get a O(h) approximation of Dv on arbitrary grids,
where h = max(z;1+; — z;); O(h?) approximation on smooth grids (i.e., z; = g(ih)
with g smooth with smooth inverse); and O(h*) approximation at the nodes on
periodic constant-spaced grids (the superconvergence phenomenon [40]). Local, ex-
plicit, skew-adjoint finite differences can also be constructed using quite different
techniques [7, 17, 23].

3. EXAMPLE
3.1. One-way wave equation ¢ = u,. Consider (semi-)discretizations of
(18) = Ou

on the interval, obtained by globally interpolating point data, computing the de-
rivative of the interpolant, and evaluating this derivative at the grid points.
Solutions of Eq. (18) conserve the energy H := & [ u? da:

~ ! ' 1 1
A= [uide = [ wde = J20) - -0,

-1 —1
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Figure 3: Eigenvalues A; of the Chebyshev inner product matrix S compared to
the Chebyshev quadrature weights w;, for n = 63. Also shown are the differences
w; — A; (magnified ten times).

Consequently, with periodic boundary conditions, # is constant, and otherwise the
change in H is completely determined by the fluxes of u throught the boundary.
Let’s first consider periodic boundary conditions, and pseudospectral discretiza-
tions based on interpolation with trigonometric basis functions
So the discretization is

ua=S1'45"'VH = S'AS7!'Su = S '4u = Du

just as one would expect.

With periodic boundary conditions, A is antisymmetric, so this is a Hamiltonian
discretization, for all basis functions and grids.

For other boundary conditions, the energy H is not conserved, nor does it always
evolve appropriately. Consider, for example, the well-posed boundary condition
u(1,t) = f(t). With this boundary condition,

H=u(l) —u(-1).

Take a cardinal basis on a grid which includes the points zg = —1, 2, = 1,
and set u,(t) = f(t), u; = (S 'Au); for 0 < j < n, and H = u™Su. We set
e =u— S 'Au (only ¢, is nonzero). Then

1
— —ud +u’Se.

H = uTSu = uTsym(4d)u+utSe = —u? 5

EU,
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The last term, although usually spectrally small, is not zero: all elements of u enter
the evolution of H. However, if f(t) =0, then u,, and € vanish and

. 1
H = —iu%,

exactly as for the PDE. This shows that the discretization is stable in this case.

4. GENERAL SKEW-ADJOINT DIFFERENTIAL OPERATORS

The above theory is easily applied to more general operators than 0,. The
required ingredients are a formally skew-adjoint differential operator D and a finite-
dimensional domain of interior skewness .

4.1. Higher order derivatives. Let D = 0,,,. We have
(19) /U’Dw dr = (VWep — VaWy + Vgew) — /va dx

so §1 = C?*([-1,1]) is a domain of interior skewness. Skew-adjoint finite element
methods, for example, can be constructed using C? local (Hermite) quintics or
C? cubic splines. It is known that using less smoothness not only destroys skew-
adjointness but also results in suboptimal convergence of finite element methods
[40].

The only way to avoid so much smoothness is to use a constant periodic grid.
On such a grid, the reflection symmetry of the interpolation process and of the
underlying grid (about all grid points as well as the midpoints), together with re-
flection anti-invariance of the differential operator, guarantee antisymmetry of the
differentiation matrix. For example, local, centered, C° cubic elements on a con-
stant periodic grid induce a skew-adjoint (actually, antisymmetric) differentiation
matrix (although they still have suboptimal convergence); so do standard centered
finite differences.

With §; = B,([-1,1]), the Chebyshev pseudospectral differentiation matrix,
D®) | is exact on §;, and hence does equal the Galerkin matrix in a cardinal basis.
It factors as D) = S~ A. However, the boundary term in (19) is not supported
by only two cardinal basis functions as it is for D = J,: the symmetric part of A is
dense. Still, <D(3)v,w>s + <v,D(3)w>S is exact for v, w € F;.

4.2. Nonhomogeneous first order operator. Let D = ad, + J.a, where a €
C*([-1,1]) is a given function. We have

/U’Dw dx = 2avw — /va dzx

so that, e.g., °P(n,r) is a domain of interior skewness, leading to matrix elements
of the form A;; = [ il fiDf; dz. If these integrals cannot be evaluated analytically,
one can approximate a (by, say, a polynomial) beforehand, or use quadratures to
evaluate the integrals to within roundoff error.

It can be seen that implementations can be quite expensive, and that the re-
sulting operator may not be pseudospectral, as it was for D = 9,. Nonetheless,
the (skew-adjoint) Galerkin approximation can be computed quickly using pseu-
dospectral techniques if fast transforms between cardinal and orthonormal bases
are availaible. The key idea is to evaluate Dv exactly for v € §; and then project
orthogonally to .
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Example 5 (Fast Fourier Galerkin method). Let D(a) be linear in a, for ex-
ample, D(a) = ad, +0,a. Let 1 = F* be the trigonometric polynomials of degree
n, and let a, v € F1. Then D(a)v is a trigonometric polynomial of degree 2n, the
first n modes of which can be evaluated exactly using antialiasing and Fourier
pseudospectral differentiation. Then the approximation whose error is orthogonal
to §1 is just these first n modes, because S = [ in the spectral basis. That is,
for skew-adjoint differential operators with linear inhomogeneities, the antialiased
pseudospectral method is identical to the Galerkin method, and hence skew-adjoint.

D’s which are polynomial in a can be handled analogously.

Example 6 (Fast Chebyshev Galerkin method). Let §; = 3, be the poly-
nomials of degree (no more than) n. Again, let D(a) be linear in a. As in the
previous example, for a and v in 1, we evaluate D(a)v exactly, then orthogonally
project onto §1. With respect to the cardinal basis corresponding to a Chebyshev
grid with n + 1 points, this can be done in time O(nlogn) as follows:

1. Using an FFT, express a and v as Chebyshev polynomial series of degree n
(O(nlogn));

2. Pad with zeros to get Chebyshev polynomial series of formal degree 2n (O(n));

Transform back to a Chebyshev grid with 2n + 1 points (O(nlogn));

4. Compute the pseudospectral approximation of D(a)v on the denser grid.
D(a)v being a polynomial of degree < 2n, the corresponding Chebyshev poly-
nomial series is exact (O(n));

5. Convert D(a)v to a Legendre polynomial series using a fast transform [1]
(O(nlogn));

6. Take the first n + 1 terms (O(n));

7. Evaluate at the points of the original Chebyshev grid (again, [1]) (O(nlogn)).

@

Step 6 produces the Galerkin approximation because the Legendre polynomial basis
is orthogonal.

While this algorithm is convoluted, its cost is a small multiple of the cost of
standard pseudospectral methods. (Furthermore, we imagine that a fast transforms
expert could collapse some of the steps). The algorithm can be adapted to higher
degree a’s or other D’s by choosing the intermediate Chebyshev grid suitably dense.
We do not know how to keep the same asymptotic speed if a grid other than
Chebyshev is used.

4.3. Nonconstant operators D(u). We extend the above to the discretization of
linear differential operators which depend on the field variable w.

Definition 8. A nonconstant differential operator
D:Foxg—3F Duve w,

is formally skew-adjoint with respect to the linear function spaces Fo and §1 and
the inner product space § if there exists a functional b(u,v,w), depending on the
values of u, v and w at the boundary as well as the boundary values of finitely many
of their derivatives, such that

(v, D(u)w) = — (w, D(u)v) + b(u,v,w), Yu € Fo, Yv,w € F;.

Then, §1 is called a domain of interior skewness. If, furthermore, b(u,v,w) =0 for
all u € o and v,w € §1, then §F1 is called a domain of skewness of D, and D is
said to be skew-adjoint.
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We emphasize that the linear operator D(u) can depend nonlinearly on u, e.g.,
D(u)v = u0y (uv).

If D is skew-adjoint for the finite dimensional spaces §o, §1, then the Galerkin
approximation is skew-adjoint for all u € Fp.

If D is linear in w, then A;;(u) = (f;, D(u)f;) can be computed with respect to
a basis {ex} of §o using the 3-tensor

Aiji = (fi, D(ex) f5) -

For local operators discretized using finite elements, A;;, is local. For Fourier or
Chebyshev bases, a fast pseudospectral evaluation can sometimes be found. If D
is fully nonlinear in u, one can evaluate the nonlinear functions in real space, and
then interpolate them in Fp.

Example 7 (KdV operator). The KdV operator
D(u) = 2(u0, + 02u) + Orae,
which satisfies
(v, D(w)w) + (w, D(w)v) = [Wez¥ — WaVy + WV, + 2uvw],

appears in the KdV equation

oH
= ’D(u)é— = D(u)u = —(2udy + 20U + Opaz)u = —(6UUz + Upae)-
u
Suitable domains of interior skewness are o = FPP(1,0), &1 = FPP(3,2). When
using local finite element-type basis functions, we can get away with less smoothness
in v than in v and w; this can be used to reduce the number of non-zero entries in

A without losing the skew-adjoint structure.

5. S71A FACTORIZATIONS AND THE KREISS MATRIX THEOREM

***NICOLAS: PUT YOUR NEW WORK HERE.***

6. DISCRETIZING ENERGY CONSERVING PDESs

6.1. Introduction. Many conservative systems are Hamiltonian; for such systems
a Hamiltonian spatial discretization would be attractive. For noncanonical systems,
such as the Euler equations, this can be impossible [2]. Nonetheless, if the Hamil-
tonian structure (i.e., the Poisson bracket) is independent of the field variables,
then for the ODEs arising from spatial discretization to be Hamiltonian structure
it is sufficient for the discretization of D to be skew-adjoint.

We consider PDEs of the form

oH

S

Such PDEs conserve the energy 7. Although all systems of ODEs with an integral
can be written in skew-gradient form

u = L(u)VH(u),

(20) i = D(u)

in which L is antisymmetric [21, 22], it is not clear whether the same is true of
all PDEs with an integral. Hamiltonian PDEs are naturally in the form (20) and
provide examples [25].
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Let § be an inner product space. In all our examples, § is the space of square
integrable functions on the relevant spatial domain, and (u, v} is the L? inner prod-
uct [ uvdx. We use subspaces of § which are infinite dimensional when posing the
PDE, and finite dimensional when constructing discrete approximations.

The PDE (20) is assumed posed in a subspace §o of § which is natural for H in
the following sense.

Definition 9 (Naturality). The subspace §o is natural for H if for each u € §o

there ezists a 3 € § (the variational derivative of H at u) such that

Mk o) U _(, 50y, g
ou

The naturality of §o often follows from the vanishing of the boundary terms,
if any, which appear of the first variation of 7, together with mild smoothness
assumptions (see, e.g., the classic [12]).

Let H : § — R be the conserved energy, let o be natural for H, and let
the subspace §; C § be a domain of skewness for the linear differential operator
D:%1 — 3

If u(t) € §o for all ¢, we also have u(t) € Fo. (Nonhomogeneous boundary
conditions are not considered here. Generalizations to the nonhomogeneous case,
involving affine function spaces, are being developed by the authors.) Accordingly,
when §p and §; are infinite dimensional spaces used in describing the PDE, we
require that?

(21) lim

e—0 £

(;_,ZL(S:O) g sl:and
D(F1) C Fo-

The dual composition method uses appropriate finite-dimensional spaces §p and
$1 to generate spectral, pseudospectral, and finite element discretizations which
have discrete energy H := H|z, as a conserved quantity. The discretization of the
differential operator D is a linear operator D : 1 — o, and the discretization of

the variational derivative % is % € §1. Thus

5(;—7{ : 8o — So,
u
as required, for u € §p. In bases of g and F, the maps have the form
OH
ou
D:vi S TAv,

_OH
PSe

‘u— STIVH,

cu— STTASTIVH,

where
(i) VH the gradient of H = H|z, with respect to the coefficients of u in the basis
of Fo;

2Exceptions can be sometimes be made due to the existence of implied boundary conditions.
In the wave equation 4 = v, ¥ = uze, u(£1) = 0, for example, we also have the implied boundary
conditions v(£1) = uzz(£l) = vee(£l) = ... = 0. In such cases the operators are in fact
applied to subspaces of §p and 1, and one then requires, e.g., that D(v) € Fo for v an element
of the appropriate subspace.
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(ii) A is the matrix representation of the bilinear form

A 3’1 X 51 — R
A(v,w) := (v, Dw),

induced by the differential operator D and the inner product, and
(iii) S is the matrix representation of the bilinear form

8:30 XS"I - R
S(u,v) = (u,v),

induced by the inner product.

Each of D and % is a weighted residual approximation, but in general each uses
a space of weight functions different from its space of trial functions. This relies on
the following lemma.

Proposition 9. Let § be an inner product space, and §o and §1 be subspaces with
equal, finite, dimension n. Let §o have basis {f1,...,fn} and let F1 have basis
{91,---,9n}- Then, the following are equivalent.

(i) 3o N&1 = {0}.

(ii) FoNJ1 = {0}

(iii) For every w € §, there exists a unique v € 1 such that
(22) (u,v) = (u,w), Yu € Fo.

(iv) For every w € §, there ewists a unique u € Fo such that

<U,’U> = <’LU,’U> ’ Vv € 3’1-

(v) The n x n matriz with entries S;; = (fi,g;) is nonsingular.

Proof. By symmetry, it is sufficient to show that (i), (iii), and (v) are equivalent.

(i)=(v) Suppose that (v) does not hold, that is, S is singular., Then, there exists
a non-zero vector v = (v;) in the null space of S.
We claim that v := v;g; is orthogonal to §o, thus contradicting (i). Indeed, let
u = u; f; be an arbitrary element of §g, and let b = Sv, so that b is null. Writing
b; for the entries of b, we have

(u,v) = (uifi,vjg;) = wi(fi,g;)v; = uib; = 0.
Consequently, v € Fg-
(v)=(iii) First we show that if (v) holds, there exists a v for which (22) holds. Let
b; = (fi,w), b= (b;),and v = (v;) = S 'b. We claim that v = v;g; will do.
Indeed, for any u = wu; f; in §o, we have

(u,v) = uib; = w; (fi,w) = (uifi,w) = (u,w).

Now we show that v is unique. If it is not unique, then for some w € § there
are two distinct v’s satisfying (22). Then, their difference—call it v, for it is in
§1—1is non-zero and satisfies

(u,v) = <u7w>_<u7w> =0

for all u € Fo. Writing v = v;g;, the vector v = (v;) is now seen to be in the null
space of S, which contradicts (v).
(iii)=(i) A nonzero v € §; orthogonal to §o has (Fo,v) = 0. But we also have
(%o, 0) = 0, contradicting (iii). 0
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Proposition 9 makes it easy to define the discretizations in several equivalent
ways. Given u € §o, we want an approximation % € §, of %. Given v € §1, we
want an approximation Dv € F, of Dv. Then we have the following chain of maps:

e D
(23) u € Fo = F1— o,

where D is linear. The approximations must be compatible in order for their com-
position to have the required skew-gradient structure.

6.2. Discretizing the variational derivative 6H /du.

Proposition 10. Let §o be natural for H and let S be nonsingular. Then for
u € Jo, the following characterizations define the same unique element % € 51,
the discretization of 3% in §.
(i) Let u=wu;f; and let u = (u;). Let the discrete energy be H = H|z,, which in
the basis has the form
H(u) = H(u;f;)-
Let the vector

e := (¢;) = ST'VH.

Then,
o
6u T lg'L'
(ii) Let
0H
b := (b; ) i = i o />
(b;) with b <f 6u>
and
e := (e;) = S'b.
Then,
Ho_ .
6u T lg'L'

(il) 2% is the unique element of §1 such that

w,(s—H = w,é—/H , Yw € §o.
ou ou

(iv) % is the unique element of §1 such that
OH  0H |

Proof. Proposition 9 shows that (iii) and (iv) are equivalent. Equivalence of (ii)
and (iii) follows from

<w, E> = <w, E> ,Vw e Fo = w;iSije; = w; <fi, E> = w;b;, Vi
— e=S5"h
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Finally, we have to show that b = VH, i.e., that

oH oH .
<fi7 E> - auia Vi

This follows from the definition of the variational derivative, Eq. (21). Since

<’U, %> = d%’H,(u +ev)|e = o for all v € §, it is certainly true for v = f; € Fo C F.

Since u € Fo,

d d OH
d—EH(U+5fi)|s:0 = d—gH(Ujfj‘FEfi) = Su

6.3. Discretizing the linear differential operator D. O

Proposition 11. Let S be nonsingular. Forv € §1, the following characterizations
define the same unique element Dv € §o, called the discretization of Dv. The map
v+ Dwu is linear, with matriz representation D := S~T A,

i) Let v =v,g;, let v = (v;), and let A be the matriz with entries
393
Aij = (9:,Dgj) .
Let
d := (d) = S~ TAv.

Then, Dv = d; f;.
(ii) Let b := (b;) where

and let

Then, o
Duv :=d;f;.
(iii) Du is the unique element of Fo such that
<5v,w> = (Dv,w), Yw € §i.
(iv) Du is the unique element of Fo such that
Dv—Dv € Fi.
Proof. As before, Proposition 9 shows that (iii) and (iv) are equivalent. Equivalence
of (i), (ii) and (iii) follows from
<5v,w> = (Dv,w),Yw € §1 <= d;Sijw; = v; (Dg;,g5)w; = viAiTjwj, Vj
— STd = Av = b, b; = (g;,Dv)
— d=S5"TAv.
Linearity and D = ST A follow from (i). O

Parts (iii) of Propositions 10 and 11 show that each discretization is separately
of weighted residual type.

Definition 10. 5% is called the dual composition discretization of D%.

The matrix representation of 5% is STTAS™'VH. The name “dual composi-

tion” comes from the dual roles played by §o and §; in defining % (Proposition 10)
and D (Proposition 11) so that their composition have a skew-gradient structure.
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Proposition 12. If §; is a domain of skewness, the matriz S~ T AS™! is antisym-
metric, and the system of ODEs

u=S TAS'VH
has H as an integral.

It has been known for a while [14, 17] that Galerkin semidiscretizations of & = Du
conserve the restriction of (u,u) to §1 when F; is a domain of skewness of A.
However, a composition of weighted residual discretizations is not necessarily of
weighted residual type, nor is a composition of Galerkin discretizations always of
Galerkin type (in general, mixed finite element methods are not merely factored
“one-step” finite element methods and require their own theory). For this reason,
Proposition 12 is more than merely an extension of the above observation to energy
functionals other than (u, u).

6.4. When is the dual composition discretization a weighted residual
discretization? We compare the dual composition discretization—which, being
a composition, has two “steps”—to two other discretizations of D%:

Definition 11. The one-step weighted residual discretization is the standard weighted
residual discretization of D% with trial functions in §o and weights in §;.

The one-step Galerkin discretization is the standard weighted residual discretiza-
tion of D% with trial functions and weights both in §o.

Thus, one-step Galerkin and _one-step weighted residual coincide when §y = §1.-
By definition [3, 10, 42], 5% coincides with the one-step weighted residual
discretization of D% with trial functions in §o and weights in §; if and only if
—O0H oH
D—-D— L
du du 81,
and 5% coincides with the one-step Galerkin discretization of D% with trial
functions in §o and weights in Fp if and only if

—O0H oH
24 D— —D— 1 Fo.
(24) ou ou 8o
Proposition 13. 5% coincides with the one-step weighted residual approrimation

of D% if and only if
OH  6H
- p(T - 5
Proof. We have
—O6H 0 OH  6H — oM
(26) D——D—_D<E—E>+(D—D)E,
the last term being orthogonal to §; by the definition of D (Proposition 11). O

Proposition 14. 5% is the standard one-step weighted residual approximation if
any of the following conditions holds:

(i) DBo) L F1, or

(ii) 3% is ezact, that is, S € §1.
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Proof.
(i) The difference of % and % belongs to 3 by definition. Consequently,
D(Fs) L §1 implies Eq. (25).
(ii) If 3% € F, 3% = % by definition, so that the left hand side of (25) vanishes]

Proposition 15. 5% is the standard one-step Galerkin approzimation of D%
with trial functions and weights in o if any of the following conditions hold:

(i)

27 D(8% — 1) | 0 and
du du
(28) (D-D) % L 3o,
or _
(i) % is exact and D is exact on §1, that is, % € %1 and D(F1) C Fo.
Proof.

(i) Use (26) to show that (24) holds.
(ii) The left hand sides of (27) and (28) vanish.
(|

Things are simpler if g = §1-

Proposition 16. Suppose that §o = §1. Then, 5% is the one-step Galerkin
approzimation of ’D% if any of the following conditions hold:

(i) (27) holds,

(i) D_(E(J)-) 1§y, or

(iii) % is exact.
Proof. If §y = F1, then the one-step weighted residual discretization is actually the
one-step Galerkin one.

(i) Proposition 13.

(ii) Proposition 14 part (i).

(iii) Proposition 14 part (ii). m

Note that even if Fo # §1 and none of D or % is Galerkin, it is possible for

their composite 5% to be the one-step Galerkin discretization of D%.
Because % is projected on §; before D is applied, it is not sufficient that D% €

So for 5% to be the weighted residual or Galerkin approximation. That is, even

if the one-step weighted residual discretization is exact, 5% may not be.

When is it likely that % € §17 An obvious case is when H = % (u,u), since the
variational derivative is then w itself; % = u belonging to §; for all u’s in J¢ is
then equivalent to §p = §1. But in this case, D% = Du, and the discretization of
D is obviously the Galerkin one! A less obvious situation is when H := [u2, and
in such contexts, the above propositions may be useful.

When do we have D(Fg) L &7 This condition is harder to satisfy because
it involves the operator D, the inner product (,), and the large space 3 C §.
However, suppose that §o = §; and D is exact, i.e., D(Fo) C F1. Then, if D and
orthogonal projection to §y commute, we have the orthogonal splitting

D(Fo @ §y) = D(Fo) @ D(F3);
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consequently, D(F#+) L F1. This can happen if § has an orthogonal basis of eigen-
functions of D, an example being the eigenfunctions e“® of D = 97. So this
situation is not uncommon in Fourier spectral methods; we give an example in
Section 7.2.

The solution of a system of PDEs obtained using bases of finite elements with
the dual composition method is often identical to the solution of a mixed finite
element method discretization [4].

6.5. Skew-adjointness of the discrete derivative. Let §; be a domain of skew-
ness for D. Since the domain and range of D : §o — §1 may be different, it does not
make sense to ask if it is skew-adjoint. Indeed, its matrix representation D = S~TA
is not in general skew-adjoint when Fo # & (usually, S is not symmetric when
o # §1)- Nonetheless, the dual composition method always yields a skew-adjoint
discretization of D, as we now show.

By construction (see Eq. (23)), the composite 5% maps o to itself. If H(u) =
% (u,u), then % = u, and so D% = Du, and its discretization D:= 5% may be
examined for skew-adjointness. We do this in matrix form.

As always, let {f;} be a basis of §y and {g;} be a basis of F. Recall that S is
the matrix with entries (f;, g;). Let S be the matrix of the inner product (,) with
respect to the basis {f;}, i.e.,

§i,j = <fl7f_]> .

By Proposition 2, S is symmetric positive definite. In general, S and S are not
equal unless the bases {f;} and {g;} are identical.
With H(u) = £ (u,u), we have that

H(w) = H(uif) = ju'Su,
so that VH = Su and
Du = S~ TAS™'VH(u) = S~TAS 'Su.
This motivates the following;:
Definition 12. The dual composition differentiation matrix D is
D:=57"4A57'S.

If {f;} ={g:}, then S = §, and D is exactly the Galerkin differentiation matrix;
in general, however, it is not. The factor S ~15 of the dual composition differ-
entiation matrix is a discretization of the identity map: By Proposition 10, for
u = uif; € o, S —18u is the vector representation of the unique v in §; with the
property that v —u € §g, that is, it is the projection of u € Fo onto F.

Proposition 17. Let
(v,w)g = viSw

(recall that S is symmetric positive definite) and §1 be a domain of skewness of D.
Then, D is skew-adjoint with respect to (,)g.
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Proof. We are given that A is antisymmetric. Then we have
D = 5 TAS™'S = 571(55~T45715),
where the factor in parenthesis is antisymmetric. O

Finally, note that when D is used to construct skew-gradient systems, they
are of the form l~?§_1VH, which is equal to the dual composition discretization
DS~'VH. We do not get new methods from D, but it does illustrate where the
skew-adjointness is hiding.

7. EXAMPLES

7.1. One-way wave equation % = u,. In Hamiltonian form,

)
w = O,u = D—H,
ou
where
1 1
D = 0., 7-[:—/ u? dx
2/,
We have
d 1
d—g?-[(u +ev) = /_1 uv dz,
SO %—7: = u with no natural boundary conditions: any space of square integrable

functions is natural for #. We have (u,Dv) + (v,Du) = [uv], so any space of
continuous, piecewise C'* functions is a domain of interior skewness. Consider the
domain [—1,1] and let o = F1 = {f1,.-., fu}s fi € C°([-1,1]). The discrete
Hamiltonian is
I : 1
5/71 (uifi) dz = §uTSu.
So the discretization is

= S1AS'VH = S7'AS7!'Su = S7'Au = Du

just as one would expect.

With periodic boundary conditions, A is antisymmetric, so this is a Hamiltonian
discretization, for all basis functions and grids.

For other boundary conditions, the energy H is not conserved, nor does it always
evolve appropriately. Consider, for example, the well-posed boundary condition
u(1,t) = f(t). With this boundary condition,

) 1 1 1 1
H = / utdr = / uu, dr = —u?(1) — u?(=1).

-1 _1 2 2
Take a cardinal basis on a grid which includes the points zy = —1, z, = 1, and
set un,(t) = f(t), u; = (S7'Au); for 0 < j < n, and H = 1uTSu. We set
e =u— S !'Au (only ¢, is nonzero). Then

1
2 — —ud +u'Se.

. 1
H = u'Su = u"sym(4)u +u'Se = 5

EU,
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The last term, although usually spectrally small, is not zero: all elements of u enter
the evolution of H. However, if f(t) =0, then u,, and € vanish and
H= -,

exactly as for the PDE. This shows that the discretization is stable in this case.

This standard method is not exactly a dual composition discretization when the
boundary conditions are not periodic because we are not projecting the derivative
of the interpolating polynomial onto the space of functions satisfying the boundary
conditions. Nonetheless, the factorization D = S~! A is very informative. It is not
surprising that energy estimates cannot be obtained in general for the boundary
condition w, = f(t), for the solution u is properly an element of an affine, not a
linear space. In the example above, we crudely enforced the boundary conditions
and destroyed the structure of the method unless f(t) = 0. We are currently
studying special approximations that respect such affine structures and comparing
them with other discretizations in which the boundary conditions are enforced
weakly [5, 9].

7.2. The Korteweg-de Vries equation. The famous KdV equation
U+ 6uty + Upze =0

has features which can be used to illustrate various properties of conservative dis-
cretization. In its first Hamiltonian form,

1
Wt M) =0, o= [tde, W=} [itae

it has a nonlinear variational derivative and a constant differential operator. In its
second Hamiltonian form,

= Dg%, Dy = —(2u0; + 20;u + Opez), Ho = %/u2 dz,

’dzpl

% = u is linear while the differential operator depends (linearly) on the field

variable u. Boundary conditions which make domains natural or skew are different
for the two Hamiltonian forms; we consider only periodic boundary conditions so
that these complications are not present.

Dy = 0, is discussed in Section 2. Its approximation is exact on Fourier polyno-
mials F™8, but not on piecewise polynomials FPP. We have

5
ou

so any space of C* and piecewise C? functions is natural for H. We consider first
the approximation of the cubic term in the Hamiltonian. For a direct evaluation,

Ho(u) = Ho(uzfl) = IijrUiUjug, Fijk 3:/_fifjfk dz,
The weighted residual approximation is

OH _
(5—’LL0 = 3Sij1ijlUkal-

In general, these quadratic forms are not equal to u?.

We now specialize to §o = §1 = §"&. In this case the Galerkin approximation

dHo
du

= —3u? - Uz,

of égi_uo can be evaluated in less direct ways: is the orthogonal projection to
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So of T—u‘) = 3u? which can be computed by multiplying out the Fourier series and
dropping all but the first n modes. This is exactly what is computed by antialiasing.
For the second part of the first Hamiltonian, we have

Hy(u) == Hi(uifi) = %HTBu, Bi; = /fz’f], dr = —/fif]{'da:,

the last equality holding because of the periodic boundary conditions. Then
— =S"'Bu.
ou v

Let the pseudospectral second derivative be D®); in a cardinal basis, we have
B=-SD® so

67‘[1 — _D(z)u
du ’
as expected for 5;21 = —Ug,. The weighted residual and pseudospectral approxi-

mations are identical in this case.

We now let v = % and construct Dyv. This is just Dyv = v,, since
differentiation is exact in F"i&. Moreover, since D; is constant, the discretization
is a Hamiltonian system. Since D; is exact on constants, the approximation also
preserves the restriction of the Casimir C = [udz of Dy, to F*e.

How does 51% compare with the one-step Galerkin approximation of
U = Dl% in §*"i8? They are in fact the same, for differentiation does not
map high modes to lower modes, that is, Dy (F*i&L) L el and Proposition 16
part (ii) applies.

In the second Hamiltonian form, H» = 1 [u? dz and

1 )
Hy = —u'Su, 07y =S 'VH; =u.
2 ou
Thus, the Galerkin approximation of #H, is exact, so that Proposition 16 part (iii)

Ho
du

implies that the composition Do also coincides with the one-step Galerkin ap-
proximation. The second differential operator, D5, can be applied to any v € g'e
by computing the derivatives exactly and the quadratic terms exactly by antialias-
ing. Its approximation D, is not a Hamiltonian operator, but we still generate a
skew-gradient system with integral H,. Thus in this, admittedly unusual, case,
the standard Galerkin approximation coincides with the standard antialiased pseu-
dospectral method and has three conserved quantities, Ho + Hy, Ha, and C|guris.

In spaces other than "¢ the situation is a little different. Consider, for example,
o = %1 = BPP(n,r), the C" piecewise polynomials of degree n, as in a finite
element method. In the first Hamiltonian form, we need » > 1 to ensure that §g is
natural for H;; in the second form, naturality is no restriction, but we need r > 2
to ensure that §; is a domain of skewness. The skew-gradient system arising from
discretizing the first Hamiltonian form is still Hamiltonian with integral Hy + H;
and Casimir C' = u; [ f; dz, but because D, does not commute with projection to
$1, it is not a standard Galerkin method. To implement this method, the tensors
Fijr and B;; will generally have to be evaluated and stored.

In the second Hamiltonian form, 6;'—1[‘2 = u is still exact, so the resulting skew-
gradient system does coincide with the standard Galerkin method. However, the
discretization, this time, is not Hamiltonian.

Table 1 summarizes the results.
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Table 1: Features of dual composition discretizations of the KdV equation on the
circle, using the function spaces §'"'¢ := trigonometric polynomials or FPP(r) := C"
piecewise polynomials (of suitable degree).

First Hamiltonian form | Second Hamiltonian form
D=0, D = —2(udy + 0xu) — Orae
So=%1 H=[(3u—u?)dz H=[1u'de
gtris skew, natural skew, natural
Hamiltonian conservative, not Hamiltonian
Galerkin Galerkin = antialiased
PP (0) skew, not natural natural, not skew
not conservative not conservative
not Galerkin Galerkin
Pr(1) skew, natural natural, not skew
Hamiltonian not conservative
not Galerkin Galerkin
FPP(2) skew, natural skew, natural
Hamiltonian conservative, not Hamiltonian
not Galerkin Galerkin

7.3. The inhomogeneous wave equation. Even when natural boundary condi-
tions are present in §p, it is not always reasonable to include them in §; as well.
We present a simple example in which it is necessary to take o 7# F1-

Consider the wave equation

@ ()= (%)

on the interval [—1, 1] with position dependent wave speed y/a and boundary con-
ditions

(30) o (£1,1) = 0.

This is a canonical Hamiltonian system with generalized coordinate ¢ and conjugate

momentum p: Let
0 1
D= (_1 0)

and
1 5 B
H = —/ (apz-i—qj) dx
—1

Then,

Mo

6q - q-?-?? 6p - p7
so that D=2 is the right hand side of (29). Note that (i) the boundary conditions

5(a,p)
(30) are natural for #H, and (ii) D is skew-adjoint with respect to the direct sum
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L? inner product

1 1
(31) (0.6 = [ ppdo+ [ aqds
-1 -1
(no boundary conditions are required for D to be skew-adjoint).
We now consider the choice of the trial function spaces §o and §1. The (natural)

boundary conditions (30) are included in the solution space Fo:

So = 3 x 3 = {g € Rurz: qe(=1) = q(1) = 0} x Po..

Since the discrete variational derivative % is to belong to §1, % would not
be a good approximation if we were to include (30) in F; as well, for this would be
to enforce (—q..). (1) = 0 which is not in general satisfied by ¢.> Thus, we do not

impose any boundary conditions on §y:
§i = 51 x 3" = P x Pon.
Both F and §; have dimension 2(n+1). Before proceeding, we need to show that

the S matrix is invertible. By Proposition 9 it is sufficient to prove the following.

Proposition 18. FoNFi = {0} (with respect to the direct sum inner product (31)).

Proof. 7' nFP* = {0} since 3 = 3.

We now show that &()q) N quﬂ' = {0}. If q is a polynomial of degree at most
n + 1 which is orthogonal to all polynomials with degree at most n — 1, then it is
orthogonal to ¢... If, in addition, ¢, (+1) = 0, then

1 1
/ Gee dr = [qq.)", —/ GQea dz = 0.
1 1

Consequently, g, is identically zero, and ¢ is constant. Since ¢ must then be or-
thogonal to itself, ¢ = 0. O

A computer implementation of the method requires chosing bases (cardinal or
not) for Fo and F;. Following is a description in terms of the Chebyshev extreme

points {;}7,, using the standard cardinal basis for 3§’ = §¥ = . For
{7 we can start with the basis
folz) =1
Tj(x) _ Tjta(x)
i = — — ,J=1,...,n,
f] ("I’l) jz (] + 2)2 .7 n

chosen so that fi(£1) = 0 evaluate the inner product matrices analytically, and
transform to a cardinal basis as in Section 2.5. (Alternatively, one could enforce
the boundary conditions on the basis functions by adding to T; suitable multiples
of Ty and T5 instead of Tj1» [3, 14].)

3Sometimes (—¢zx )= (£1) = 0 is satisfied by solutions of the PDE: from (29)-(30), we have the
implied boundary conditions
0 = ¢o(£1) = (ap)z(£1).
Differentiating again with respect to time:
0 = (ap)z(£1) = (agzz)e(El) = az(E£1)gzz(£l) + a(£1)gzzz(£1).

If az(£1) = 0 and a(£1) # 0—if, for example, the medium is homogeneous—then ¢zzz(+1) =0
and we can take §1 = Jo.
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We now outline the four steps in computing the discretization, indicating why
the method has spectral accuracy. Let us suppose we are given the grid values of

(g,p) € Bo-

(i) % = —Qzz € qu), SO % = —(ue- This can be computed using stan-
dard Chebyshev pseudospectral differentiation. For nonlinear equations, the
weighted residual approximation to % with test functions in qu) and weights

in 3&1) is still exact when % € B, hence it is spectrally accurate in general.

(i) % =ap¢ Sgp ). However, the weights and trial functions are the same in this
component, so we compute a standard Galerkin approximation ap € B, of
ap. This can be done with the fast Chebyshev-Galerkin method of Example 6.

(iii) The first component of DéH is v := @p which is not in E(()q) because it does
not have zero derivatives at the boundary. We need to compute its weighted
residual approximation with test functions in S(()q) and trial functions in SYI) =
PB,. In coordinates, this is S~TS? v where S is the (symmetric) matrix of
the inner product (,)|g, x5, . In general, the matrix S~7S) is computed
and kept in storage. When evaluated on solutions of the PDE, it is a spectrally
accurate approximation because ap satisfies the implied boundary condition
(ap).(£1) = 0, so there is no loss of accuracy in approximating it in S(()q).

(iv) The second component of DéH is w := @ € &()p), so it does not need to be
approximated.

Unlike standard Galerkin or pseudospectral methods, this method is conserva-
tive and Hamiltonian (by design) and enforces the implied boundary condition
(ap).(£1) = 0.

We plan to report on numerical tests exploring the effects of these changes in
the future, particularly when the initial data does not satisfy the implied boundary
conditions.

8. QUADRATURE OF HAMILTONIANS
8.1. The problem. The discretization
u=S TAS'VH

is skew-gradient—and, when D does not depend on u, Hamiltonian—when appro-
priate boundary conditions make A antisymmetric. Computing VH = VH(u; f;)
in closed form, however, is not always possible. If the elements of § are polynomial
or piecewise polynomial, and H is polynomial in u and its derivatives, then VH
can be evaluated (exactly) using quadratures on a secondary grid chosen so that
the quadratures are exact. For other functions, even this is not possible: Consider
H = [ h(u) dz, with 3% = h'(u); then,

OH ,
By /h (uj f;) fr de,

which usually cannot be computed exactly. (It could be approximated to within
roundoff error using quadratures, but this brings in new realms of computational
complexity.)

We would like to approximate H itself by quadratures in real space, analogous
to a pseudospectral method. However, even if the discrete H and its gradient
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are spectrally accurate approximations, they cannot always be used to construct
spectrally accurate Hamiltonian discretizations, as we now illustrate.

For simplicity, we now assume that the basis of § is cardinal. Define the weights
wj = [ fj dz and W = diag(w), so that quadrature in § is

/Ujfj de = Uj;w;.
In the case H = [ h(u) dz, the quadrature Hamiltonian H, is defined by
H, = h(uj)w; = w'h(u)
with gradient
VH, = Wh'(u).

This is equal to the quadrature of the gradient of the exact Hamiltonian H =
J h(u;f;). (Basis independence, retained in A and S, is now lost, for quadratures
depend on the grid.) So far, everything is as accurate as the quadratures. However,
STIVH, = ST'Wh/(u) is not an accurate approzimation of 3 = h/(u).

(Why is this? Consider the cardinal functions on the Chebyshev extreme points
x; = —cos(im/n). Spectral accuracy in ST'Wv ~ v requires that the eigenvalues
of ST'W be spectrally close to 1. Numerically, it appears that this is true for
all but three eigenvalues. One of the “spurious” eigenvectors is a sawtooth and
two are supported near the endpoints. These limit the accuracy of S™!Wv as an
approximation of v to O(n~?), that is, spectral accuracy has been lost.)

Nor can we use the accurate approximation h'(u), for Sh/(u) is not, in general,
a gradient, which it must be if @ = STTAS~L(Sh/(u)) is to be a skew-gradient
system.

We found only one non-periodic case in which quadrature yields an accurate
Hamiltonian discretization for any D and H.

8.2. Legendre zeros grid. Let §o = §1 be the polynomials of degree n, with a
basis {f;} of cardinal functions at the Legendre points, namely the roots of the
Legendre polynomial of degree n + 1. These are orthogonal, so S is a diagonal
matrix, but more is true: S = W, the matrix of quadrature weights—the Gaussian
weights in this case [3]. This is because quadrature at the Legendre points is exact
for polynomials of degree < 2n + 1, so

Sy = /fifidl" = fi(z;)’w; = w;

since f? is a polynomial of degree precisely 2n.
Therefore, % ~ W~ IVH, = S7'VH, and we get skew-gradient, spectrally
accurate discretizations of the form

u=S1'AS'VH,.
Unless H is quadratic, these approximations are different from the ones obtained
using the “exact” H := H(u;f;).
A similar approach works for arbitrary H. For H = [ h(u,) (and natural bound-
ary conditions), for example, we approximate u, by Du and use
H,=w"h(Du), WT'VH, = W™ 'D"Wh'(Du) = W='ATr'(Du).

Since ATv = —Av when natural boundary conditions are satisfied, this does then
approximate $& = —9,h/(u,).
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8.3. Approximating the inner product matrix by quadrature. Since % R
W~VH,, one approach for constructing skew gradient discretizations is to use
quadrature in S as well, that is, replace S;, by

(Sje =Y fi(@:) fulwi)wi,

so that S; = W in a cardinal basis. This does yield skew gradient systems u =
W-'AW~-1VH,. However, W='4 is not an accurate approximation of D: the
problem has merely been transfered from H to D. Applying quadrature to A yields
a matrix A, which is not antisymmetric in general.

8.4. Summary. With arbitrary §, and quadrature approximations of arbitrary
Hamiltonians, only very simple operators D can lead to skew-gradient systems.
Suppose D has a discrete approximation D. Then we get the discretization

u=DW™'VH,,

which is a skew-gradient system if DW ~! is antisymmetric. The only general cases
we know of in which this holds are

(i) On a constant periodic grid, W is a multiple of the identity, so if D is an-
tisymmetric, DW~! is too. This includes the finite difference and Fourier
pseudospectral methods discussed in [20].

(ii) On an arbitrary grid, if D is a multiple of the identity, then DW ~! is diago-
nal. In several variables, if each block of D is a multiple of the identity, then
so is the corresponding block of DW !, Consequently, if if D is canonical,
that is, if D = (% {), then DW~! is antisymmetric if and only if coordi-
nate/momentum pairs use the same quadrature weight.

(iii) On a Legendre zeros grid, S = W, and DW ! = W1 AW ~! is antisymmetric
(discussed above).

The required compatibility between D and W remains an intriguing and frus-
trating obstacle to the systematic construction of computationally economical con-
servative discretizations of strongly nonlinear PDEs.

9. CONCLUSION

Besides discretizations of D%, the method of dual compositions yields new dis-
cretizations of linear differential operators D—Dby taking % = 3 (u,u)—and varia-
tional derivatives—D = 1. There are obvious generalizations to formally self-adjoint
D’s and to mixed (e.g., advection-diffusion) operators, where preserving symmetry
gives control of the energy. The implementation and accuracy of dual composition
discretizations is as for standard “one-step” pseudospectral and Galerkin discretiza-
tions, and the three methods coincide in simple cases. Thus, dual composition
method discretizations are already in wide usage.

The method as it stands requires that the boundary terms related to % and D
vanish. More general boundary conditions need to be investigated.

Finally, the use of the factorizations of pseudospectral “differentiation” matri-
ces to study stability with the help of relatives of the Kreiss matrix theorem—in
particular those found in [14, 18]—deserves a closer look.
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