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Abstract

In this paper, we prove necessary and sufficient conditions for a hybridizable discon-
tinuous Galerkin method to satisfy a multisymplectic conservation law, when applied
to a canonical Hamiltonian system of partial differential equations. We show that
these conditions are satisfied by the “hybridized” versions of several of the most
commonly used finite element methods, including mixed, nonconforming, and dis-
continuous Galerkin methods. (Interestingly, for the continuous Galerkin method in
dimension greater than one, we show that multisymplecticity only holds in a weaker
sense.) Consequently, these general-purpose finite element methods may be used for
structure-preserving discretization (or semidiscretization) of canonical Hamiltonian
systems of ODEs or PDEs. This establishes multisymplecticity for a large class of
arbitrarily high-order methods on unstructured meshes.
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1 Introduction
1.1 Motivation and Background

Hamiltonian systems of ordinary differential equations (ODEs) and partial differential
equations (PDEs) are ubiquitous in applications, especially in the modeling of physical
systems.

One essential property of a Hamiltonian ODE is that its time flow is symplectic:
that is, it conserves a closed, nondegenerate 2-form on phase space. This has moti-
vated the development of symplectic integrators: one-step numerical integrators that,
when applied to Hamiltonian ODEs, are also symplectic maps. It turns out that these
methods have several numerical advantages that result from preserving the symplec-
tic structure. Furthermore, most of these methods (such as symplectic partitioned
Runge—Kutta methods) may be applied to general systems of ODEs, whether or not
the user is aware of any Hamiltonian/symplectic structure—but if such a structure is
present, then the methods will automatically preserve them. For a comprehensive sur-
vey of structure-preserving numerical integrators, including symplectic integrators,
see Hairer et al. [22].

Similarly, Hamiltonian PDEs satisfy a multisymplectic conservation law. Since
symplecticity is a desirable property for numerical integration of canonical Hamilto-
nian ODEs, it is natural to seek numerical methods for canonical Hamiltonian PDEs
whose solutions satisfy the multisymplectic conservation law, in an appropriate sense.
There has been important work on multisymplectic methods over the past two decades,
particularly by Marsden and collaborators [25,27-29] and Reich and collaborators
[10,16,35,37,38]. However, most of these methods have consisted either of tensor
products of symplectic Runge—Kutta-type methods on rectangular grids or of relatively
low-order, finite-difference-type methods on unstructured meshes. For the variational
integrators of Marsden et al., one must also know the (Lagrangian) geometric structure
of the PDE, in advance, in order to devise the method.

The impact of multisymplecticity on solutions to PDEs, and on their discretiza-
tions, is not fully understood. However, multisymplecticity is known to be necessary
to preserve traveling waves of hyperbolic equations [30], and compact multisymplec-
tic methods can preserve dispersion relations much better than non-multisymplectic
methods or noncompact finite difference methods [5,33,34]. For boundary value prob-
lems, multisymplecticity restricts the types of bifurcations that can occur [31,32].
Because it is a local property, multisymplecticity is a strictly stronger property than
the symplecticity obtained by integrating over space.

There has been some previous work on the application of finite element methods to
certain problems on structured (especially rectangular) meshes. Guo et al. [21] con-
sidered the 2-D nonlinear Poisson equation on a regular rectangular grid, meshed with
biased triangles, using the continuous Galerkin method with linear shape functions, and
they showed that the degrees of freedom satisfied a multisymplectic finite-difference
scheme. Zhen et al. [44] did the same for first-order rectangular Lagrange elements on
aregular grid. Chen [11] used first- and second-order rectangular elements to derive
Lagrangian variational methods (in the sense of Marsden et al. [27]) and applied these
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to the sine-Gordon equation on a regular grid, while pointing out that higher-order
elements could also be used in principle. In all of these examples, however, finite
elements were really only used as a tool to construct a finite-difference stencil on a
regular, 2-D rectangular grid.

As finite element methods are traditionally formulated, there is a serious concep-
tual obstacle to discussing multisymplecticity. Namely, many classical finite element
methods are posed on spaces of global functions, making it difficult to make sense
of local properties like the multisymplectic conservation law. Indeed, the interpreta-
tion of multisymplecticity is much more straightforward for finite difference or finite
volume methods with local stencils, or for tensor products of 1-D integrators on a
rectangular grid, which may explain why the previous work has been focused on such
methods.

Hybrid finite element methods provide a way around this obstacle, since they con-
sist of local problems coupled through their boundary traces, where the boundary
traces are allowed to be independent variables. (Oftentimes, these boundary traces
are interpreted as ‘“Lagrange multipliers” enforcing weak continuity between local
regions.) While hybrid methods have a long history (see the comprehensive work by
Brezzi and Fortin [7]), the recent work of Cockburn et al. [13] has shown that a wide
variety of finite element methods—including those not previously thought of as hybrid
methods—may be “hybridized” within a unified framework. Such methods are called
hybridizable discontinuous Galerkin (HDG) methods, and they include not only sev-
eral classical mixed and hybrid methods, but also hybridized versions of continuous
and discontinuous Galerkin methods, nonconforming methods, and others. This frame-
work provides precisely the local structure needed to examine multisymplecticity of
the finite element methods in this class.

1.2 Organization of the Paper

The paper is organized as follows:

— In Sect. 2, we review systems of PDEs in a particular canonical form. This form
includes the de Donder—Weyl equations for a Hamiltonian and many elliptic and
hyperbolic variational PDEs. We recall the multisymplectic conservation law for
classical (i.e., smooth) solutions and illustrate how this manifests concretely for a
class of semilinear elliptic PDEs in mixed form. We also discuss the relationship
between multisymplecticity of solutions and reciprocity principles in physical
systems.

— In Sect. 3, we develop a hybrid “flux formulation” for these systems of PDEs. As in
Cockburn et al. [13], this yields a collection of weak problems on non-overlapping
subdomains, coupled only through approximate traces on their shared boundaries.
Our framework includes not only the linear second-order elliptic PDEs considered
by Cockburn et al. [13], but also a more general class of nonlinear systems of
PDEg, including canonical Hamiltonian PDEs.

Within this formulation, we establish criteria for solutions to satisfy weak and
strong versions of the multisymplectic conservation law; the distinction is shown
to be related to weak and strong conservativity of numerical fluxes (cf. Arnold et
EOE';W
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al. [4], Cockburn et al. [13]). In addition to the subsequent numerical applications,
we also use a domain-decomposition argument to write the weak problem (in the
sense of distributions) in this flux formulation, thereby establishing multisymplec-
ticity for weak solutions to Hamiltonian PDEs.

— In Sect. 4, we examine several particular classes of HDG methods, including
the hybridized Raviart—-Thomas (RT-H), Brezzi—-Douglas—Marini (BDM-H), local
discontinuous Galerkin (LDG-H), continuous Galerkin (CG-H), nonconforming
(NC-H), and interior penalty (IP-H) methods. These methods are posed in the
framework of Sect. 3, and their multisymplecticity is then examined. Each of
these methods, except for CG-H, is proved to be strongly multisymplectic. A
counterexample shows that CG-H is only weakly multisymplectic, resulting from
the fact that it is only weakly conservative.

2 Canonical and Multisymplectic Systems of PDEs
2.1 Canonical Systems of PDEs

Given a domain U C R™, consider a system of first-order PDEs having the form
duu' = ¢l (u,0), =0l = fi( u,0), (1)

whereu = 1,...,mandi =1, ...,n. Here,u = ui(x) ando = ai”(x) are unknown

functions on U, while ¢ = ¢>L(x, u,o) and f = fi(x, u, o) are given functions on

U x R" x R™". We abbreviate 9, := 9/dx" and adopt the Einstein index convention

of summing over repeated indices—so, for instance, the expression 8“0# in (1) has

an implied sum over x and may therefore be interpreted as the divergence of o;.
Among these is the important class of (canonical) Hamiltonian systems,

0H . OH

=—p. =o' = —.
dolt’ PR oud

i

@)

o

where H = H (x, u, o) is a function called the Hamiltonian. In the special casem = 1,
the resulting system of ODEs yields Hamilton’s equations of classical mechanics,
which are usually written as

., O0H ) oH
T, P gt

The equations in (2) are called the de Donder—Weyl equations (de Donder [15] and

Weyl [43]). These canonical systems are an important special case of a more general

class of Hamiltonian systems of PDEs, cf. Bridges [8,9].

Throughout this section, we assume that all of the functions above are smooth. Later,
in Sect. 3, we will relax this assumption in order to introduce a weak formulation of
(D).
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Example 1 (Semilinear Elliptic PDE) Let n = 1, so that u = u(x) is a scalar field and
o = oM(x) a vector field on U C R™. Consider

1
H(x,u,0) = an(x)cr“a” + F(x,u),

where a = a"*”(x) is symmetric and positive-definite with matrix inverse a,,(x) :=
-1 . .

(a/“’(x)) at each x € U, and where F is arbitrary. Then the de Donder—Weyl

equations for this Hamiltonian are

oF
AU = a,,o’, -9, ot = —.
w v " S
From the first of these equations, we have o#* = a*"9,u, so substituting this into the

second yields
oF
-9, a"oyu = —,
" : ou
which is a second-order semilinear elliptic PDE in divergence form. Note that we
could also have written the de Donder—Weyl equations in the equivalent, coordinate-

free form,
L . OF
gradu =a™ o, —dive = —,
ou

so the substitution o = a grad u yields
. oF
—div(a gradu) = —,
ou

which is an equivalent expression for the second-order PDE above.
An important special case is when F(x, u) = f(x)u — %c()c)u2 for given f and ¢
on U. In this case, we obtain a linear second-order elliptic PDE,

—div(a gradu) + cu = —d,a""du +cu = f.

In particular, if a”¥ = §*V (where § is the Kronecker delta, i.e., a is the identity matrix)
and ¢ = 0, then this simply becomes Poisson’s equation —Au = f on U.
We will regularly return to this example throughout the paper.

2.2 The Multisymplectic Conservation Law

Define the collection of canonical 2-forms " = du' A do!* on R" x R™, for
nw=1,...,m.

Notation Unless otherwise stated, differential forms and exterior differential operators

(such as d, A, etc.) are assumed to be on R” x R"", where x € U (if it appears) is

fixed. Differentiation with respect to x will always be denoted using the previously
defined 9, notation.

EOE';W
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Definition 1 Let (u, o) be a solution to (1). A (first) variation of (u, o) is a solution
(v, 7) of the linearized problem

i i

Buv' = Lo + aa;: (o u,0)t?, (3a)
dfi i
9,1/ = ﬁ( u,o)v! + aa; (- u,0)T]. (3b)

J

The system (1) is multisymplectic if 9, (a)“ ((v, 7), (v, ‘L'/))) = 0 for any pair of
variations (v, 7) and (v/, 7). This is abbreviated by

duor =0, 4)

where itis understood that w* is evaluated on variations of solutions to (1). Equation (4)
is called the multisymplectic conservation law.

Lemma 1 The system (1) is multisymplectic if and only if the 1-form ¢L doi“ + f; du!
on R" x R™ is closed for each x € U.

Proof Using (1), we calculate
du0" = d@uu') Adol +du’ Ad(duo)
=d¢), Ado} —du' Adf;
= d(¢}, do} + f; du'),
so the first expression vanishes if and only if the last expression vanishes. O

Remark 1 Certain steps in this calculation, such as 9, (du') = d(auu"), are seen to be
valid by evaluating both sides on arbitrary variations of (u, o):

I (du’ (v, 7)) = 80" = d¢p), (v, T) = d(Bpu) (v, T).

Similar calculations with differential forms will appear throughout this paper, where
they are interpreted as holding for arbitrary variations of solutions.

Corollary 1 Every Hamiltonian system is multisymplectic.
Proof From (2), we have

. . oH oH
i, ol + fidu' = 2o dof + S dul = dH,
do; ! ou!

1
which is exact and therefore closed. O

Corollary 2 Every multisymplectic system is Hamiltonian.
FolCT
8
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Proof Since R" x R™" is simply connected, its first de Rham cohomology is trivial.
Hence, the closed 1-form qu do! + f; du' is exact, i.e., it equals d H for some Hamil-
tonian H. More precisely, for each fixed x € U, the 1-form equals dH, for some
function H, on R” x R, and these may be combined into a single Hamiltonian
H(x,u,0):= Hy(u, o). O

Remark2 Corollary 2 depends entirely on the fact that R" x R™" has trivial first
de Rham cohomology. However, it is possible to define canonical Hamiltonian systems
on more general spaces—in particular, on the dual jet bundle of some fiber bundle over
U (cf. Gotay [17] and references therein). In this setting, the argument of Corollary 2
holds only if the fibers of this bundle have trivial first de Rham cohomology. However,
a weaker statement—that every multisymplectic system is locally Hamiltonian—still
holds, by Poincaré’s lemma. By contrast, Corollary 1 remains true even in this more
general setting.

Example 2 (Semilinear Elliptic PDE, Continued) Let us see how the multisymplectic
conservation law manifests in the class of semilinear elliptic PDEs we encountered in
Example 1. For the system

- v —5 okt —
dult = a,,0", oo = ,

we calculate

ot =9, (du Adot)

=d(@,u) Ado* +du A d(d,0H)

do” Ado® +du A O2F d O2F d
=a,,do o u ———du— o).
my ou? dodu

The first term vanishes by the symmetry of a and the antisymmetry of A, while the
remaining terms vanish since du A du = 0 (again, the antisymmetry of A) and since
F = F(x, u) does not depend on o.

2.3 Integral form of the Multisymplectic Conservation Law

Given an arbitrary subdomain K € U, the divergence theorem implies that

woam.. __ w gm—1
/ 0 d x—/ wtd Xus
K 0K

where d”x := dx' A --- A dx™ is the standard Euclidean volume form on U and
d’"_lxﬂ = 1y/px#(d"x), where ¢ is the interior product (or contraction). Therefore,
an equivalent formulation of the multisymplectic conservation law (4) is that

/ w*d"x, =0, VK €U, ®)
9K

EOE';W
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We call this the integral form of the multisymplectic conservation law. As with (4),
this is interpreted as holding when w* is evaluated on arbitrary variations of a solution
to (1).

Note that, by the definition of the A product,

o =du' A dal.“ =du' ® dal.” — dal.“ ® du’,

so (5) may also be written as
/ (du' @ doyd" 'x, = / (do @ du'yd" 'x,,. (6)
0K aK

Hence, the multisymplectic conservation law may be interpreted as a symmetry condi-
tion on the Poincaré—Steklov operator mapping Dirichlet boundary conditions for u to
the corresponding boundary conditions for . See Agoshkov [3], where the symmetry
of the Poincaré—Steklov operator is discussed in the context of domain-decomposition
methods for linear elliptic problems. Similarly, Belishev and Sharafutdinov [6] estab-
lish the symmetry of a Poincaré—Steklov operator for harmonic differential forms on
a manifold with boundary.

Example 3 (Semilinear Elliptic PDE, Continued) Let us revisit the class of semilinear
elliptic PDEs we encountered in Examples 1 and 2. Let (u, ) be a solution, and
consider the linearized problem

3’F
0V = a,,t", -0, " = —v.
# v 0 o2

Here, 82F/8u2 is evaluated at (x, u(x)) and hence is a function of x alone. If (v, 7)
and (v', t/) are two arbitrary solutions to this problem, then

/a vt d™y, = / [@uv)T™ +v(@,T™)]d"x
K K

9*F
= / (awt”t’“ — v—zv’> d"x.
K au

By a similar calculation, switching (v, 7) with (v/, t/),

/ m—1 v /82F m
v'thd" x, = AT r“—v—zv d"x.
9K K du

However, since a is symmetric, these integrals are identical, and we conclude

/vr/“dm_lxﬂzf v/r”d’”_lxﬂ.
3K 3K

That this equality holds for every (v, 7) and (v', /) is precisely the statement (6) of
the multisymplectic conservation law.

Elol:;ﬂ
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In the special case a*¥ = §*V, we have T = grad v and t’ = grad v/, so this can be

written as
/ vgradv’-n:/ v/ gradv - n
9K 9K

where n denotes the outer unit normal to d K . Hence, in this case, the multisymplectic
conservation law expresses the symmetry of the Dirichlet—-Neumann operator v|yx +—
grad v - n|y for the linearized problem.

2.4 Multisymplecticity and Reciprocity

In many physical systems, the multisymplectic conservation law is closely tied to
so-called reciprocity phenomena, such as Green’s reciprocity in electrostatics and
Betti reciprocity in elasticity. (See, for example, Abraham and Marsden [1, Section
5.3], Marsden and Hughes [26, Section 5.6], and Lew et al. [25].) These reciprocity
phenomena are also exploited, numerically, in formulations of the boundary element
method (cf. Partridge et al. [36]). We now briefly discuss the relationship between
multisymplecticity and reciprocity, using the language we have developed throughout
this section.

Let (u, o) be a solution to (1). The multisymplectic conservation law (4) is just the
statement that

du ') = 8,0,

where (v, T) and (v/, t/) are arbitrary variations of (u, o), i.e., solutions to the lin-
earized problem (3). Integrating both sides over K € U and applying the divergence

theorem gives
i/ gm—1 _ i gm—1
/vtl.d xu_/vtid X
aK aK

which is the statement of (5) and (6).
We now generalize the above to the case where the variations (v, ) and (v', t’)
each solve a perturbed version of the linearized problem.

Definition 2 Given a solution (u, o) to (1), we say that (v, t) solves the linearized
problem with incremental sources ¥ and g if

o3¢l 3! .
duv' = oL (o, 0)0) + (s, )T+ Y (0, D), (7a)
J
ad fi i 0fi
—0uT) = anlj(" u, o)’ + afv G u,0)t) + 8 v, 1), (7b)

J
where v = wl"t(x, v, 7) and g = g;(x, v, T) are given functions.

Let (v, 7) be a solution to the linearized problem with incremental sources v and
g, and let (v, T’) be a solution to the linearized problem with incremental sources v’
EOE';W
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and g’. By the Leibniz rule,

'ty = @) T + v (@),

3Ty = @) + 0@t
which we subtract and rearrange to obtain
3 (' ") — (307" — v (BT = 8,0 ) — (@) T — v (BuT).

Assuming that (1) is multisymplectic, the ¢ and f terms cancel when we substitute
(7), leaving the equation

N CRADERZACRTE S LA AFAGR I &'

= 9T — YV, T Vg v, ). ®)

Integrating over K € U and applying the divergence theorem gives
/aK vi.[i/li dmflxu — /K[zpib(, v, ‘l:)l'im — v"gl{(.’ v, ‘L'/)] d"x
= / v’iti“ dmlx, — / [wl’f(~, vt + vigi(, v, )] d"x. 9)
IK K

Equations (8) and (9) are the differential and integral forms, respectively, of the
reciprocity law for a multisymplectic system of PDEs. They may be interpreted as
describing a symmetric (or “reciprocal”) relationship between the perturbation of the
system by incremental sources and the incremental response of the system to such
perturbations. In the special case where the incremental sources vanish, we recover
the multisymplectic conservation law.

Example 4 (Semilinear Elliptic PDE, Continued) Let us once again examine the semi-
linear elliptic PDEs considered in Examples 1, 2, and 3. The linearized problem with
incremental sources is

2
0 =aut’ +Yu(,v, 1), =9, = 52V +g(, v, 7).

To see how reciprocity arises, we compute

2

0°F
all.(vt/u) = [aul}ru + w,lt(" v, T)]I/H - v[mv/ + g/(" 'U/, T/)]v

2

d°F
al/«(v/fu) = [al“}r/v + wl/t(’ U/’ T/)]TM - U/[mv + g(’ v, T):|

Subtracting, the terms involving a and F cancel by symmetry, yielding

Wt =Y (v, DT g (v, T) = 8,0 T =, Cov T T Vg (v ),
Elol:;ﬂ
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which is precisely the statement (8). Integrating this over K € U gives

/; vt'hdmx, — /a [VuCov, DT —vg' (v, )] d"x
0K 9K

:/ v’r“dm_lxﬂ—/ [, G0, )Tt — VgL v, )] d" iy,
K K

which is the statement (9).

As an important special case, which arises in the primal (or Lagrangian) formulation
of this system, suppose that v = 0 and that g = g(-, v), so that t = agradv and v
solves the second-order equation

, 3’F
—div(a gradv) = Wv + g(-, v).
u

If the corresponding properties hold for (v/, t’), then we can write the reciprocity law
as
div(vt") + vg'(-, V) =div(v't) + v'g(-, v),

whose integral formon K € U is

/ vt’-n+/vg’(~,v’)=/ v’r-n—i-/ Vg (-, v),
aK K aK K

As a final specialization, let a*V = §*V and F(x,u) = f(x)u, so that u satisfies
Poisson’s equation, —Au = f, and v and v’ satisfy

—Av=g(,v), —A=g().
Then the reciprocity law, in differential form, is
div(vt’) —vAY = div(v't) — v Av,

while the integral form on K € U is

/ vt’~n—/vAv’=/ v’r-n—/v’Av.
aK K 3K K

These last two expressions are two of Green’s identities from vector calculus. If v and

v’ are interpreted as scalar potentials for the electrostatic fields t and 7/, respectively,
then this corresponds to Green’s reciprocity.

EOE';W

@ Springer Lﬁjog



46 Foundations of Computational Mathematics (2020) 20:35-69

3 The Flux Formulation and Multisymplecticity
3.1 Domain Decomposition and the Flux Formulation

In this section, we introduce a weak formulation of the problem (1), called the flux
Jormulation. This decomposes the problem on U into a collection of local solvers
for (u, o), coupled through the approximate boundary traces (i, o). This forms the
foundation of the HDG framework of Cockburn et al. [13] and is closely related to the
unified DG framework of Arnold et al. [4].

We mention that our presentation of the flux formulation, and of HDG methods,
differs from that in Cockburn et al. [13] in a few ways. In particular, Cockburn et al.
focus on linear elliptic problems, which allows them to make substantial use of the
solution theory for such problems, including well-posedness of the local and global
solvers. By contrast, we are interested in obtaining multisymplecticity criteria for
the much more general class of systems (1), without assuming anything about the
properties of solutions, even their existence and/or uniqueness.

In this section, the function spaces appearing in the flux formulation may be either
infinite-dimensional Hilbert spaces or finite-dimensional subspaces (e.g., polynomials
up to some degree). This will allow us to prove general multisymplecticity results that
apply both to the original, infinite-dimensional problem (Sect. 3.4) and to finite element
approximation via HDG methods (Sect. 4).

To begin, observe that if (1, o) is a smooth solution to (1) on U, and if (v, T) are
arbitrary smooth test functions, then

/8 ur”dmx—/(pﬂ Hgmy,
—/ Bﬂai“v’ dmx:/ fivtd"x.
U U

If 9}, is a partition of U into non-overlapping domains K € .7, then breaking each
of the integrals above into a sum over K € .7, and integrating by parts,

> / ttd" = /(u ! + ¢l d"x, (10a)
Ke, Ke,
> / i d" = f(o“a vl — fivh)d"x. (10b)
KeJ, Ke,

In a typical finite element application, U will be polyhedral, and .7, will be a trian-
gulation of U into simplices K € 7.

Following Cockburn et al. [13] (as well as Arnold et al. [4]), we now relax the
regularity and inter-element continuity assumptions on u, v and o, T in (10), and
we replace the boundary traces of u and o on dK by approximate traces u and 0.
Specifically, let

V(K) c [HX(K)]", X&) c[H' K]
FoE'ﬂ
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be specified local function spaces on each K € .7, and define discontinuous global
spaces on U by

Vi={ve[L*W)]" :vlk e V(K). VK € B} = [] V(K.
Ke,
2i={re[L*W)]" 7|k € 2(K), VK € Zi} = [] Z(K).
KeJ,

Next, specify a space of approximate traces of functions in V,
Vc @]

where &, := (g 4 9K, along with the subspace

o~

V() = {7)\6 ‘7 :i)\|3U ZO}

of approximate traces vanishing on the domain boundary dU.

The final ingredient in the HDG framework is the numerical flux &, which we define
slightly differently to Cockburn et al. [13]. As mentioned in the introduction to this
section, our treatment is equivalent to [13] for linear problems, but it extends more
naturally to nonlinear problems, even without assuming existence and uniqueness of
solutions. Let

TOK) c [L*@K)]™

be some space of boundary fluxes on 9K, and define the space of restricted traces
V(@©OK) :={Ulak : D€ V}.

Definition 3 A local flux function on K € 9}, is a bounded linear map

@k V(K) x D(K) x V(K) x ZBK) — [L*@K)]™".

Denoting & := [lkes TOK) C [lkes [L*(@K)]™, this extends naturally to a
global flux function,

P:VxIxVxI— [][L*0@K)]".
Ke9,

Remark 3 Elements of X and [y 5 [L?(9K)]™" may be interpreted as functions

that are double-valued on internal facets of .7}, and single-valued on boundary facets
in oU.
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We now seek solutions (1, o,%,0) € V x X x VxX satisfying

f it dnx, /(u utl + ol r/Hd"x, VT e X(K), (11a)
K

/ ?;i“vi dm_lx,L = / (Giﬂauvi — fivh)yd™x, Yv € V(K), (11b)
K K

f @l (u,0,1,0)7'n"d" 'x, =0, Vre SOK), (11c)
0K

for all K € .7, together with the conservativity condition,

Z/ L=0, Vie, (11d)

Ke,

the latter of which states that the normal component of & is single-valued (at least in
a weak sense) on the internal facets of .7j,.

In the language of Cockburn et al. [13], we have “local solvers” (11a)—(11b) on
each K € 7, and these are coupled globally through the numerical flux & by the
conservativity condition (11d). A notable distinction between our approach and that
of Cockburn et al. [13] is that they assume 0 = & (u, o, ) is a given function of u, o,
and  on each K € .7}, whereas we define it through the flux functions @ by adding
(11c) to the flux formulation.

Definition 4 The flux formulation of (1) on .7}, is given by (11), along with choices of
the global function space V and, for each K € 7}, the local function spaces V(K),
XY (K), ) (0K) and the flux function @ . We call this a hybridizable discontinuous
Galerkin (HDG) method whenever Vo, V, and X' (but not necessarily V or f) are
finite dimensional.

Remark 4 Note that (11) does not impose any particular boundary conditions on u]yy
or 0|3y . Hence, (11) corresponds to the system of PDEs (1) rather than a particular
boundary value problem associated with (1).

We remain agnostic about the choice of boundary conditions for two reasons. First,
multisymplecticity is not a statement about a particular solution, but a statement about
variations within a general family of solutions. If we pick out an isolated solution (e.g.,
by the imposition of boundary conditions), then the “family” of solutions becomes
zero-dimensional, so any statement about variations is vacuous. Second, the class of
PDE:s (1) is quite general, including both elliptic and hyperbolic PDEs, among others,
depending on ¢ and f. In the hyperbolic case, when U is a spacetime region, we are
not free to impose Dirichlet conditions on all of 0U.

3.2 Local Multisymplecticity Criteria

In the context of smooth solutions to (1), where qu and f; are smooth functions on

U xR" x R™ Lemma | states that multisymplecticity holds if and only if the smooth

1-form d:fL da.“ + fi du' is closed for all x € U. For the flux formulation (11), we wish
Fol:'ﬂ
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to relax these smoothness assumptions and express the multisymplecticity condition
in terms of function spaces, rather than in a pointwise sense at each x € U.

Observe that (11a)—(11b) still makes sense even if we only have d)L, fi € L2(U)
foru=1,...,mandi =1, ..., n. Therefore, rather than assuming that ¢ and f are
smooth, let us assume only that

ok V(K) x D(K) — [L*(K)]|™,  fx: V(K) x Z(K) — [L*(K)]",
for each K € .7, which may be extended naturally to
¢:VxZ—[LXD]™, f:Vx¥-[L2WO)]".

These are generally nonlinear maps—and since multisymplecticity is a statement about
first variations of solutions, let us assume also that these maps are at least C 1 When
V x X is infinite-dimensional, we may interpret this as a variational derivative (either
the Gateaux or Fréchet derivative, which are equivalent for C 1 maps, cf. Abraham et
al. [2, Corollary 2.10]); in the finite-dimensional case, this is just ordinary continuous
differentiability. With ¢ and f defined in this way, it follows that ¢/, do/* + f; du’ is
a C! differential 1-form on V x X, and we say that this 1-form is closed if its exterior
derivative vanishes as a 2-formon V x X.

Definition 5 The flux formulation (11) is multisymplectic if solutions satisfy
/ (di' Adatyd" 'x, =0, (12)
aK

for all K € .7, whenever the C' differential 1-form d)L daiM + f; du' is closed.

Remark 5 The condition (12) is essentially the integral form of the multisymplectic
conservation law from Sect. 2.3, where the approximate traces # and & are used instead
of the actual traces of u and o. Note that (12) only needs to hold for K € .7}, not for
arbitrary subdomains K € U as in (5).

We say that (12) is a local multisymplecticity condition because it is a statement
only about the local solvers (11a)—(11b) and numerical flux condition (11c) for each
K € . We reserve the global question—whether the multisymplectic conservation
law holds for arbitrary unions of elements of .Z;—for the next section, where the
conservativity condition (11d) will also come into play.

To characterize the multisymplecticity of the flux formulation, we first prove a
useful lemma, which relates the boundary integral in (12) to the “jumps” # — u and
0 — o between the approximate and actual traces on 9K .

Lemma 2 If¢; do/* + f; du' is closed and (u,0,1U,5) € V x X x V x X satisfies
(11a)—(11b) for K € ., then

/BKW AdE) " = /d @ =) A dGF = ofH]d"
EOE';W
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Consequently, the local multisymplecticity condition (12) holds if and only if
/ [d@ —u') Ad@ —o/)]d" 'x, = 0. (13)
aK
Proof Since (11a) and (11b) hold for all v € V(K) and T € X (K), we have
/ @ do!'yd"'x, = / [u' d(3u0!) + ¢}, do/*] d"x,
K K
/ @ du'yd"x, = / [0} d(@,u’) — f;du')d"x,
9K K
so taking exterior derivatives gives

aK(dZZi Adalyd"x, = /K [du’ A d(3,0]") + de), Ado/]d"x,

/ da}* Adu'yd" 'x, = / [do/* Ad(@uu’) —dfi Adu')d"x.
K K

Subtracting the second equation from the first, the terms involving ¢ and f vanish by
the closedness assumption, so we are left with

/aK(dﬁf Adol +du' AdGyd"x, = /K[du" Ad(@u0]) +d@,u') Ado]d"x
= / du(du’ Adolyd™x
K
= / (du’ A dol.M) d'"*lx,l,
IK

that is,
(da' Ado! +du’ Ad! —du' Ado)d™x, = 0.
K
Using this identity, we finally calculate

/ [d@ —u') Ad@ — o) ]d™" x,
IK

= / (i’ Ade! —di' Ado! —du' AdSH +du’ Adol)d™x,
K

=f (da' Ada!yd™ ',
0K

which completes the proof. O

Equation (13) says that the multisymplecticity of the flux formulation depends
entirely on the relationship among u, o, &, and o on 9K for K € .. That is, it
depends entirely on the choice of local flux functions @k

Elol:;ﬂ
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Definition6 A local flux_function ®g is multisymplectic if (13) holds whenever
(u,0,u,0) € Vx X xV x X satisfies (11c¢).

We now prove multisymplecticity for two particular choices of @ g . The firstis used
for the hybridized Raviart-Thomas (RT-H), Brezzi—-Douglas—Marini (BDM-H), and
local discontinuous Galerkin (LDG-H) methods; the second is used for the hybridized
continuous Galerkin (CG-H) and nonconforming (NC-H) methods. These methods
will be discussed further in Sect. 4.

Theorem 1 Suppose that, for all v € V(K) and ¥ € V, there exists T € 3 (3K) such

that?i“nu = Sij(?j — vj)|31<foralli =1,...,n. Then, forany » € L*°(3K) (which
is called a “penalty function”), the local flux function

Pxw,0,u,0) =0 —0) — AU —u)n
is multisymplectic.
Proof The flux condition (11c) says that

U@ — oM, TV d" Ik, = | A@ - uHTHd" Iy,
9K i iR 0K i /

forall T e f(aK). By assumption,'for any v € V(K) and 7 € V, we can choose
7 € XY (3K) such that ’fi”nﬂ =68;j(v/ —v/)|yk foralli =1, ..., n, and therefore

/ G —o/H@ —vHd" 'y, = / A8 @ — u Y@ — vhym*d" .
3K 3K
Since v and ¥ are arbitrary, this can be written as
/ (G —oyd@ —u)]d" 'x, = / Asi[@ —uyd@ —u’)n*d"x,,
IK 3K
and taking the exterior derivative of both sides yields
/ [d@" — o)y Ad@ —u')]d" 'x,
3K
= / Aij[d@ —u'y Ad@ —ul)|nt d"x,.
K

However, this vanishes by the symmetry of § and the antisymmetry of A, so the
multisymplecticity condition (13) holds, as claimed. O

Remark 6 More generally, we can replace A8;; € L°°(0K) above with penalty func-

tions A;; € L°(0K) suchthat A;; = Aj; fori, j = 1,..., n, and the argument above

still holds. This same generalization applies to the penalty-based HDG methods we
will encounter in Sect. 4.

EOE';W
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Theorem 2 Suppose that, forallt € X (K), there existsT € 2(8 K) such that’fi“nu =
T,‘an,|8K fori =1,...,n. Then the local flux function

P (u,0,u,0) = (U —u)n

is multisymplectic.

Proof The flux condition (11c) says that
/GK(if — ui)ﬁ:\l.“ dmflxu =0,

forallT e £ (0K). From the assumption on normal traces of elements of X' (K), it
follows that
@ —uY@ —tyd" x, =0,
0K

foranyt € X(K)and T € f(aK). This can be written as

/ [@ —u)d@ —o/]d"'x, =0,
9K
and taking the exterior derivative yields (13). O

3.3 Global Multisymplecticity Criteria

Whenever (11) is multisymplectic, we may of course sum (12) over an arbitrary col-
lection of elements .~ C .}, to obtain the global statement

> / da' Adglyd™'x, =0, (14)
K
Kex

or equivalently, by Lemma 2

> /K[d(ﬁf —u') Ad@} — o] d" x, =0. (15)

Kex 9

In the special case .# = .}, for a second-order linear elliptic PDE, (15) is precisely
Equation 2.10 from Cockburn et al. [13], which establishes the symmetry of the bilinear
form used to solve for u once internal degrees of freedom have been eliminated (i.e.,
the Schur complement). Hence, (15) can be seen as a generalization of this symmetry
condition to nonlinear multisymplectic systems and arbitrary # C .7},.

However, (14) is a rather weak global multisymplecticity condition, since it follows
trivially from the local condition (12). We now define a stronger version of multisym-
plecticity, which is more analogous to the classical multisymplectic conservation law
(5).

Elol:;ﬂ
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Definition 7 The flux formulation (11) is strongly multisymplectic if solutions satisfy
f (da' Ada!yd" lx, =0, (16)
AU

for all # C 7, whenever the C! differential 1-form ¢/, do/* + f; du' is closed.

Taking 2" = {K} immediately implies the local condition (12) for each K € 7,
so the stronger condition (16) indeed implies the weaker condition (14). It follows
that (16) holds if and only if the terms of (14) cancel on internal facets. The property
that conservation laws “add up” correctly over unions of elements is directly related to
the conservativity condition (11d); indeed, this is the reason the term “conservative”
is used to describe numerical fluxes with single-valued normal components. (See
Equation 3.2 in Arnold et al. [4].)

Lete = 0Kt N9 K~ be aninternal facet, where K+ € F, are distinct. Recall from
Remark 3 that an element T € X is generally double-valued on e, since the ) (0K™)
and & (0K ™) components need not agree. As is common in the discontinuous Galerkin
literature (including Arnold et al. [4] and Cockburn et al. [13]), we define the “normal

jump” [Tl € [L*(e)]" by
[[?]]i|e = '?,HnMle + ?,-unﬂe—-

Here, e* denotes that e is oriented according to d K*, and we take the corresponding
component of T and outer normal n for each term on the right-hand side. Denoting
the set of internal facets of .7, by & := &,\dU, we may sum directly over e € &
to define 7] € [Lz(éaho)]n. Hence, the normal component of T is single-valued on
internal facets if and only if [T] = 0.

With this notation, the conservativity condition (11d) can be rewritten as

/ﬂ&]]i?dm_lxzo, Vo e V.
&

If the extension by zero of o] to &}, isin %, then applying the conservativity condition
withv = [0’ immediately implies [o] = 0, and we say that 7 is strongly conservative.
However, this is not always the case: for example, if > (0K) contains discontinuous
traces but V(E)K ) contains only continuous traces, then in general [o] ¢ 170, )
we cannot conclude that [6] vanishes. In this case, we say that & is only weakly
conservative. (This terminology is taken from Cockburn et al. [13].)

Theorem 3 Ifo € b5) satisfies the strong conservativity condition [c] = 0, then for
anyu € V and X C T,

> /(dfi AdG!yd"x, =/ da' Ada}yd" .
Kkew 'K AU A)

Consequently, if (11) is multisymplectic and strongly conservative, then it is strongly
multisymplectic.
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Proof Lete = 8K+t NAK ™ be an internal facet, where K+ C .#". Since [6] =0, we
have

/J&ﬁ da'yd™ 'x, +/ @l da'yd"'x, = /([[E]L da')d"'x = 0.
e e e
Finally, taking the exterior derivative implies that
/+ da' Adatyd™x, +/ (da' Andatyd" 'y, =0,
e e
so the contributions from internal facets vanish, as claimed. O

3.4 The Flux Formulation for Exact Solutions

We now apply the theory of the preceding sections to exact solutions of (1), in the
sense of distributions, in which case the flux formulation (11) consists of infinite-
dimensional function spaces.

Definition 8 The exact flux formulation on .7}, is the flux formulation (11) associated
with the function spaces

V(K) = [H*(K)]", 2(K) = [H' (&)™,
V=[L*@n]" TOK) =[L*BK)]™,

along with the flux functions @k (u,0,u,0) =0 — o, for K € ..

The next theorem uses a domain-decomposition-type argument to relate the exact
flux formulation to solutions of (1), in the sense of distributions, defined over certain
global function spaces on U.

Theorem 4 The element (u,o,u,0) € V x X X V x ¥ is a solution to the exact flux
formulation if and only if

(. 0) € (V n [H‘(U)]”) x (): N [H (div; U)]")

is a solution to (1) on U, in the sense of distributions, and (it, 0) are the exact traces
U =ulg andclyx = olyk forall K € Fj,.

Proof Suppose (u,0,u,0) € VxXx V x ¥ is a solution to the exact flux formulation.
In particular, (11a) holds for all t € [C (K )]m", which immediately gives
duu' = ¢, on K, in the sense of distributions. Taking more general test functions
T E [COO(K)]m", not necessarily vanishing on 9K, implies that #]yx = u|sx in the
trace sense. Since this holds for all K € .7},, it follows that 7 = ulg, . Hence, the trace
of u is single-valued on &}, and we may therefore conclude (cf. Brezzi and Fortin [7,
Proposition III.1.1]) that u € [Hl(U)]".
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2020) 20:35-69 55

Similarly, taking smooth test functions v in (11b) implies that —8Mal.“ = f; holds
in the sense of distributions, and 3,.“ n,lox = crl.“ n,|yk holds in the trace sense, for
all K € 7. The flux condition (11c) implies further that 5|35 = o3k, and the
conservativity condition (11d) gives [o] = 0 on &. Hence, the normal trace of o
is single-valued on &), and we may therefore conclude (cf. Brezzi and Fortin [7,
Proposition IT1.1.2]) that o € [H (div; U)]".

The converse is a simple verification of (11). Ifu € V N [Hl(U)]n, then it has a
(single-valued) trace i € [Lz(é"h)]n =V. Likewise, ifoc € X N [H(div; U)]", then it
has atrace o’|sx € [LZ(BK)]’"" = Y (3K) foreach K € 7, this satisfies [6] =O0on
6’};’ so (11c)—(11d) hold. Finally, Egs. (11a)—(11b) hold by the assumption that (u, o)
satisfies (1) in the sense of distributions. O

Corollary 3 The exact flux formulation satisfies
/ (du' Ado!yd"'x, =0,
aJa)

forall # C ), whenever ¢', do! + f; du' is closed.
n i

Proof 1t follows immediately from Theorem 1 (with A = 0) and Theorem 3 that
the exact flux formulation is strongly multisymplectic, so it satisfies (16). Moreover,
Theorem 4 gives u = u|g, and 0|3k = o|yk forall K € 7, so we may “remove the
hats” from (16). m]

4 Multisymplecticity of Particular HDG Methods

We now apply the results of Sect. 3 to the particular HDG methods discussed in
Cockburn et al. [13]. Although the flux formulation (11) is more general than that for
the class of second-order linear elliptic PDEs they consider, the spaces and fluxes used
to define the methods are essentially unchanged.

Throughout this section, we assume that U C R™ is polyhedral and that .7}, is
a triangulation of U by m-simplices. We denote by Z.(K) the space of degree-r
polynomials on K € .9}, and by £, (e) the space of degree-r polynomials on e € &},.
We also define spaces of discontinuous polynomial boundary traces,

P (&) = {W € L} (&) : Wl € Py(e), Ve € &)
and continuous polynomial boundary traces,

PE(&) = € CU&) : Bl € Pr(e), Ve € &),
which in Cockburn et al. [13] are called .#}, , and .Z, h"’r, respectively.
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4.1 The RT-H Method
The hybridized Raviart-Thomas (RT-H) method uses the local function spaces
VK) =[2,K)]". ZK)=[2:K)" +xZ.K)]"

i.e., degree-r Lagrange finite elements and Raviart—-Thomas finite elements, respec-
tively, foreach i = 1, ..., n. The trace spaces are taken to be

V=[2.@]", LK) =[L*0K]",
and the local flux functions are
Pk(u,0,u,0) =0 —o0.

Note that, although > (0K) is infinite-dimensional, the flux condition (11c) simply
states that 7|3k = 0|3k, SO we may eliminate this equation and substitute o wherever
G appears in the remaining equations.

Theorem 5 The RT-H method is strongly multisymplectic.

Proof Observe that @k is a special case of the flux in Theorem 1, with A = 0. Since
SOK) = [LZ(aK)]’”", it follows that for any v € V(K) and 9 € V, we have
¥ —v)nyx € b5) (0K). Hence, the hypotheses of Theorem 1 are satisfied, so the
method is multisymplectic.

To show strong multisymplecticity, let e € & be an arbitrary internal facet, and
writee = KT NOK ™. Since o|g+ € X (K%), a standard result on Raviart-Thomas
elements (cf. Brezzi and Fortin [7, Proposition I11.3.2]) implies that 01.” n,l= € P (e)
fori = 1,...,n.! The flux condition (11c) implies & |,+ = o |,+, so it follows from
the above that [¢]]. € L@, (e)]". Since this holds for all e € &, the extension by
zero of [[o] to &, is in Vp. Therefore, the RT-H method is strongly conservative, so
Theorem 3 implies that it is strongly multisymplectic. O

Remark 7 To prove multisymplecticity, instead of using Theorem 1, we could simply
have used (6 — o)|yx = O to see that (13) holds. However, the argument we have
developed here is more general, and we will see in Sect. 4.3 that it also applies to
methods where A # 0.

4.2 The BDM-H Method

The hybridized Brezzi-Douglas—Marini (BDM-H) method uses the local function
spaces
VIK) =2 (B)]". Z(K) = [2,E)]",

1 This result holds since ¢ lies in an affine hyperplane in R™, so x - n is constant on e. It follows that the
degree-(r + 1) elements of the Raviart-Thomas space nevertheless have degree-r normal traces.
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i.e., degree-(r — 1) Lagrange finite elements and degree-r Brezzi—-Douglas—Marini
finite elements, respectively, for eachi = 1, ..., n. As in the RT-H method, the trace
spaces are taken to be

V=[2@]".  TEK) =[L*0K]™,
and the local flux functions are
Px(u,0,U,0) =0 —o0.

As with RT-H, the flux condition (11c) states that 5’|y = o |3k, SO we may eliminate
(11¢) and substitute o for & in the remaining equations.

Theorem 6 The BDM-H method is strongly multisymplectic.

Proof Since the trace spaces and flux function are the same as the RT-H method,
multisymplecticity follows exactly as in Theorem 5.

Given any internal facet e = KT N 3K, we have o|g+ € [ 2. (K*)] 0
Glet = 0l € [P (e)]™" and therefore [5]|. € [ (e)]". Since this holds for all
e € &, the extension by zero of [o] to &, is in Vo. Therefore, the BDM-H method is
strongly conservative, so Theorem 3 implies that it is strongly multisymplectic. O

mn
5 S

4.3 The LDG-H Methods

There are three variants of the hybridized local discontinuous Galerkin method (LDG-
H) discussed in Cockburn et al. [13], corresponding to different choices of the local
function spaces. In the setting and notation considered here, these three pairs of spaces
are:

VK)=[2,_1(K)]",  Z(K)=[2.&K]", (17a)
VK)=[2.(K)]". X&) =[2&]", (17b)
VK) =[2:(K)]",  2K) = [ (K] (17¢)

Whichever of these we choose, the trace spaces are
V=[2.6n]". Z0OK) =[L*6K)]",
and the local flux functions are
@k (u,0,u,0) = (0 —0o)— AU — u)n,
where the penalty function A is piecewise constant on dK, i.e., constant on each
facet. Note that since A may be different for each K € .7}, on an internal facet
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e = 0KT N 3K, the constants A|,= need not be equal to one another. The flux
condition (11c¢) states that

Glax = [0 + 2@ —wn]|sx.

so we may eliminate (11c) and substitute the expression on the right-hand side wher-
ever ¢ appears in the remaining equations.

Theorem 7 The LDG-H method is strongly multisymplectic for each of the choices
(17a)—(17c) of local function spaces.

Proof The flux @ is precisely that of Theorem 1. As shown in the proof of Theorem 5,
the space ) (0K) = [L2 (0K )]m" satisfies the hypotheses of Theorem 1, so the LDG-H
method is multisymplectic.

Now, for each of (17a)—(17c), we have

V(K) C [2.(K)]".  Z(K)c[2.&)]".
For any internal facete = 0K TNAOK~, since A|,= are constants, it follows that
Glet = [0 + 2@ —wn]l|,= € [Z:(e)]™",

so [o]l. € [z@r (e)]". (Note that if 1|+ were arbitrary L° penalty functions, rather
than constants, this would not necessarily be true; in fact, o|,+ might not be polyno-
mials at all.) Since this holds for all e € &, the extension by zero of [¢] to & is in
Vo. Therefore, the LDG-H method is strongly conservative, so Theorem 3 implies that
it is strongly multisymplectic. O

4.4 The CG-H Method
The hybridized continuous Galerkin (CG-H) method uses the local function spaces
V(K)=[2:K)]". Z(K)=[Z2—1(K]",

i.e., degree-r Lagrange finite elements for u’, v’ and degree-(r — 1) Lagrange finite
elements for al.“ , rl.M ,forpu=1,...,mandi =1, ..., n. The trace spaces are taken
to be R R

V=[2]",  ZOK)={lk ve V(K]

and the local flux functions are
Pg(u,0,u,0) = (U —u)n.

Since u € V(K), we immediately have un|ygx € b5) (0K). Moreover, since V consists
of continuous polynomials, the degrees of freedom for V(a K) are a subset of those
for V(K), so un|yx € f(a K) as well. Hence, taking the flux condition (11c) with
T = (U — u)n|yk implies ulpx = ulsx forall K € .
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Remark 8 The CG-H method is so named because it coincides with the classical
continuous Galerkin method with Lagrange finite elements when applied to second-
order linear elliptic PDEs of the type considered in Examples 1, 2, and 3, as long as
a = a*V(x) is constant on each K € .7,. See Cockburn et al. [13,14], Cockburn [12],
where the relationship between CG-H and the technique of “static condensation” is
also discussed.

More generally, this correspondence also holds for the semilinear system

grad u :a_lo, —dive = f(-, u).
Indeed, since (11¢) implies #|yx = ulyg, substituting u for 7 in (11a) implies o =
a grad u, as long as a is constant on each K € .7,. (Otherwise, a grad u is generally

notin X.) It follows that u € C%(U) NV, so for all test functions v in this same space
vanishing on dU, summing (11b) over K € .7}, gives

/agradu gradv = Z/agradu grad v

KeJ),
Key[/ fG, u)v~|—/ ov- n:|

/f( u)v+Zfavn

Ke9,

= / fG, uv.
U

The boundary term vanishes by (11d), since the assumption that v is continuous and
vanishes on dU implies v|g, € V. Hence, u is a solution to the continuous Galerkin
method for —div(a gradu) = f(-, u).

We now prove that the CG-H method is multisymplectic, although—unlike the
other HDG methods considered here—it is not strongly multisymplectic except in
dimension m = 1, when multisymplecticity is just ordinary symplecticity.

Theorem 8 The CG-H method is multisymplectic. It is strongly multisymplectic (i.e.,
symplectic) when m = 1.

Proof Since (@ — u)|3x = 0, we see directly that (13) holds, so multisymplecticity
follows by Lemma 2.

When m = 1, facets are simply vertices, so & is discrete and finite, and the
continuity conditions on V are trivial. Hence, [ZcEn]" = [2r ] = = RI%hln,
The result follows immediately from the trivial observation that [o]|, € R" at each
internal vertex e. O

Remark 9 Although @k is the same flux function as in Theorem 2, the hypotheses

of that theorem do not hold for the CG-H method. Here, > (3K) consists only of T

whose normal traces are continuous on d K, while this is not necessarily true of 7|yx
for arbitrary T € X' (K).
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Example 5 (CG-H for Laplace’s equation in Rz) Letm = 2, n = 1, and consider the
mixed form of Laplace’s equation,

gradu = o, —dive = 0.

Let us apply the lowest-order CG-H method, with r = 1, so that for each K € .7, we
have V(K) = 2,(K) and ¥ (K) = [%(K)]z.

As discussed in Remark 8, we have |y = u|yx and o |g = grad u|g . Therefore,
T lyk is determined by (11b), which in this case states

/ 3v~n=/ gradu - gradv, Vv e V(K).
IK K

Since 7|y = wn|yg for some w € V(K), we may rewrite this as

/ wv =/ gradu - grad v, Yv € V(K). (18)
0K K

However, w|yk is generally not equal to gradu - n|yk, since the latter is piecewise
constant (and generally discontinuous) on d K , whereas the former must be continuous
and linear. Instead, we must set up a linear system and solve for w in terms of u.

For simplicity, let us suppose that K is isometric to the standard, equilateral refer-
ence triangle in R3, defined by

T:={(x,y,z)eR;O:x~l—y+z=l}.

On T, the Lagrange basis of linear “hat functions” simply consists of the coordinate
functions x, y, and z, and we can write

U=Uuix +uyy+ usz, W= wiX + w2y + w3z.
Solving the linear system corresponding to (18) yields, after a calculation,

V6
w) = ?(ZM — Uz — u3),

V6
wy = ?(—Ml + 2up — u3),

w3 = %6(—%1 —uz + 2u3).
The multisymplectic form restricted to d7 is therefore (du A dw)n|yr, so the multi-
symplectic conservation law states that . o du Adw = 0.

Let ¢;; denote the edge in 07 going from the ith standard basis vector to the jth
standard basis vector in R3. Using the above expressions for w in terms of u, another
calculation shows that

Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2020) 20:35-69 61

3
/ du Adw = %—(du3 Aduy —dus A duj), (19a)
€12
3
/ du/\dw:%_(dul/\duz—dw/\dul), (19b)
€23
3
f du Adw = %—(duz Adus —duy A dun), (19¢)
€3]

from which it is immediately apparent that

/du/\dw:/ du/\dw+[ duAdw+/ du Adw =0,
aT e 23 e3]

so the method is indeed multisymplectic on 7', following Theorem 8.

We now show that strong multisymplecticity does not hold for the CG-H method
when m > 1, so the result of Theorem 8 is the best we can hope for. The proof uses a
counterexample based on Example 5.

Proposition 1 The CG-H method is not strongly multisymplectic.

Proof Consider the mixed form of Laplace’s equation on the domain U C R? triangu-
lated by two equilateral triangles, as shown in Fig. 1. For simplicity, as in Example 5,
we suppose that each of these is isometric to the standard reference triangle 7', so that
the edge lengths are all +/2. Note that Vo = {0}, since the degrees of freedom for
V all lie on dU , so the conservativity condition (11d) is trivial. Hence, there are no
constraints on (u, o, i, 0 ) other than the local conditions (11a)—(11c) on each triangle,
as discussed in Example 5.
From the calculation in (19), we have

V3
du Adw + du Adw = — (duz A duy — duy A dun)
e €13 6

V3
= ?(duz + duz) Aduy,
Fig.1 A triangulation on which us
the CG-H method is not strongly
multisymplectic for Laplace’s
equation ens e
ui Uqg
€12 €24
uz
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and similarly,

3
/ du/\dw—l—/ du/\dw:i(duz—i—du3)/\du4,
e3q e 6

so adding these gives

3
/ du Adw = %(duz + dusz) A (duy + dug) # 0. (20)
iU
We conclude that this is nonzero since u1, . . ., u4 are independent degrees of freedom

that may be varied independently. In particular, if we take variations (v, grad v, v, T)
and (v', grad v, v', T') with

v=vi=1, vi=vi=wu=v,=v;=v,=0,

we have

3 3
BSOS %[(UZ o3 (v] + U — (0 + V) (w1 + )] = % 70

Hence, the CG-H method is not strongly multisymplectic. O
Remark 10 The failure of strong multisymplecticity, in this example, may also be seen
via the failure of the bilinear form (v, v) f 3U vT’ - m to be symmetric. Indeed, if

we write v = (v1, v2, v3, v4) and v = (v}, v}, v3, v}), then we may represent this as
the quadratic form,

2 -1 -1 0
v?’~n=£vT 02 -20 v
» 6 o —2 2 o™
0o -1 -1 2

which is immediately seen not to be symmetric. Neglecting the scalar factor of +/3/6,
the antisymmetrization of this matrix is

~
1

2 -1 -1 0 2 1 -1 0 0 -1 —1 0
0 2 —20| o 2 —20| |1 0o o 1
0 —2 2 ol o =2 2 ol =1 o o 1
0 -1 —1 2 0 -1 -1 2 0 -1 -1 0

"0 ] | 0

1 0 0 1

=111®lo] " |o|®]|1

0 1 1 0
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This is precisely the matrix corresponding to
(dupr +dusz) @ (duy +dug) — (duy +dug) Q (dupr +dusz) = (dup +dusz) A (duy +duy),

which agrees with (20).

Remark 11 Cockburn et al. [13] observe that CG-H can be seen as a limiting case of the
LDG-H method (17c) where the penalty A = +o00. They also consider more general
LDG-H methods where A is infinite on some elements and finite on others [13, Section
3.4]. However, allowing the penalty to be infinite imposes continuity conditions on
v, meaning that conservativity (and thus multisymplecticity) is only weak rather than
strong.

4.5 The NC-H Method
The hybridized nonconforming (NC-H) method uses the local function spaces
VK) = [2:K)]". 2K =[Z21 (K],
just as in the CG-H method. The trace spaces are
V=[2_1&]", Z@OK) ={on:dl c[P_1(e)]", YeedK},
and the local flux functions are
Pg(u,0,u,0) = (U —u)n.

Unlike CG-H, (& — u)n|yk is generally not in ) (0K), so we cannot conclude that 7
equals u on 0K, except in the weak sense of (11c).

Theorem 9 The NC-H method is strongly multisymplectic.

Proof The flux @k is that considered in Theorem 2, so it suffices to show that the
hypothesis of that theorem holds, i.e.: for all T € X (K), there exists T € b3) (0K) such
that 7/'ny, = t/'nylsk fori = 1,...,n. Given T € X (K), this condition is satisfied
by ?l“ = /mn*|;k, i.e., the projection of 7|3k onto the unit normal, so the NC-H
method is multisymplectic.

Next,if e = 9K TNJK ™ is an interior facet, then the definition of ) (OK™T) implies
that o,+ € [3”,_1(e)]", so [o]l. € [9,_1(6)]". Since this holds for all e € &),
the extension by zero of [¢] to &, is in Vp. Therefore, the NC-H method is strongly
conservative, so Theorem 3 implies that it is strongly multisymplectic. O

4.6 The IP-H Methods

We finally consider the special case of the hybridized interior penalty method (IP-H),

which—unlike the methods considered above—is somewhat idiosyncratic to semilin-
ear elliptic systems. Consider a system of the form
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oF

o,u' =al oV —9,0l = —
1 n¥q Jul

w0 ; 2

which generalizes the scalar (n = 1) semilinear PDEs discussed in Sect. 2ton > 1.
Here, a = ai‘;v (x) is a symmetric, positive-definite mn x mn matrix with inverse

af{u (x) := (al”jv (x))_l. These are the de Donder—Weyl equations for the Hamiltonian

1.
H(x,u,0) = Ea;jv(x)ai“a]‘-’ + F(x,u),

so in particular (21) is a canonical multisymplectic system of PDEs.
For such a system, the IP-H method uses the local function spaces

VK) = [2:K)]", 2K =[2&)]". (22a)

We also consider the “IP-H-like” method, suggested by Cockburn et al. [13, p. 1351],
which uses the function spaces

mn

VK) =[2:(K)]".  2EK) =[P (K)]™. (22b)
For both methods, the trace spaces are taken to be
V=[2.6n]". ZOK) =[L*6K)]™".

Based on the observation that the classical solution satisfies o/ = (a gradu)!’ =
a;;vauuj , these methods take the local flux functions to be

@k (u,0,u,0) = (0 —agradu) — A& — u)n.

Thus, the IP-H and “IP-H-like” methods are essentially the LDG-H methods (17b)
and (17c), respectively, except with o replaced by a grad u in the local flux functions.
As with LDG-H methods, the penalty function A |y is taken to be piecewise constant
on 9K for each K € .7, and on internal facets e = d K N 9K ~, the constants A |,=
need not be equal to one another. The flux condition (11c) states that

R o U
&/ lox = [af;" ! + 28 — um*]|px,

so we may eliminate (11c) and substitute the expression on the right-hand side wher-
ever o appears in the remaining equations. We also assume, following Cockburn et
al. [13], that a is constant on each K € },.

Theorem 10 For the semilinear system (21) where a is constant on each K € 7y, the
IP-H and “IP-H-like” methods are strongly multisymplectic.
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Proof To prove that the methods are multisymplectic, Lemma 2 states that it suffices
to show that (13) is satisfied on each K € .7},. Observe that

@ = of)Nak = (@} duu’ = o) + A8ij @ — u ) Jlak.
We have previously seen that
/ Asii[d@ —u'y Ad@ —u/)|n*d"'x, =0,
0K

by the symmetry of § and the antisymmetry of A. Therefore, it remains to show that

the terms involving a;‘jvavuj — al.“ vanish as well. Integrating (11a) by parts gives

aK(ﬁ*’ —u)g/ d" 1y, = fK(qsL — duut)Tl d"x
= /;((ajfva}’ — Buui)ri“ d"x,
and since this holds for all t € X' (K), we can write
@ —u)yde"]d" x, = (@’ oV — d,u')dod"x.
i 23 nvj 18 i
9K K
Taking the exterior derivative of both sides yields
/ [d@ —u') Adol]d™ x, = / [a}, do} A do}* —d(3,u’) Adof*]d"x
9K K

= / [—d(aﬂui) A dUi“] d"x,
K

where afjv doj” A doi” = 0 by the symmetry of a and the antisymmetry of A. On the
other hand, taking t = a grad v for v € V(K), we have

/ @ —uh)e d" 'y, = / (aif o} — du)aly 0,0 d"x
0K K
= / (o' —ag”auuf)a#v" d"x,
K
and since this holds for all v € V(K), we can write
/ [@ - u")d(a;‘j”avuf)]dm—lxﬂ = / [(o] - ag”avuf)d(aﬂuf)] d"x.
0K K

Note that we need a to be constant on K in order for t = a gradv € [gzr_ 1(K )]mn -

Y (K) to be an admissible test function for both methods (22a)—(22b). Taking the
exterior derivative of both sides yields
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f [d@ —u') A d(a;‘j”avuf')] d"x,

K
= /K[doi“ A d(@pu') — aff’d@yu’) A d@,u')]d"x
= /K [do A d(@uu')]d"x

=/ [d@ —u') Adol']d™ x,,
K

where again we have used the symmetry of @ and the antisymmetry of A. Rearranging
this last equality yields

/ [d@ —u') Ad(af"duu’ —ol)]d" ' x, =0,
K

which is precisely (13). Hence, the IP-H method is multisymplectic.
To show strong multisymplecticity, let e = 9K N 9K ~ be an internal facet. Then

Glet = [agradu + A@ — wn]|,= € [Z: (],

so o]l € [9, (e)]". (Here, we use that a|,+ and |+ are constant.) Hence, [o]] may
be extended by zero to an element of Vj, so both methods are strongly conservative
and thus, by Theorem 3, strongly multisymplectic. O

5 Conclusion

We have generalized the flux formulation and HDG framework of Cockburn et al. [13]
to the much larger family of canonical systems of PDEs (1), which includes nonlinear
systems. Within this framework, we have established the multisymplecticity of several
HDG methods, when such methods are applied to canonical Hamiltonian systems (2).
These methods include “hybridized” versions of several widely used classes of finite
element methods, suggesting that—when multisymplectic structure preservation is
desired—these general-purpose methods may be used instead of the specialized meth-
ods constructed in previous work, which are often limited in their order of accuracy
and/or use on unstructured meshes.

Itis perhaps not surprising that so many finite element methods are multisymplectic.
Indeed, like the Ritz—Galerkin method, the multisymplectic conservation law is inti-
mately related to variational principles (cf. Lawruk et al. [24]; Kijowski and Tulczyjew
[23]; Marsden et al. [27]; Gotay et al. [18,19]; Vankerschaver et al. [42]). However,
any construction of multisymplectic finite element methods must address two difficul-
ties: first, that the multisymplectic conservation law holds for smooth solutions, while
finite element spaces are non-smooth; and second, that finite element basis functions
can have support on several elements, posing an obstacle to expressing a localized,
per-element conservation law. The flux formulation of Sect. 3 provides a solution to
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both of these difficulties. Hybridization (i.e., introducing separate spaces of boundary
traces and fluxes) provides a way to express the multisymplectic conservation law on
individual elements, while the exact flux formulation of Sect. 3.4 provides a bridge
between the smooth and non-smooth cases (particularly Theorem 4 and Corollary 3).

There are two final points we wish to emphasize about these results, by comparison
to the previous work discussed in Sect. 1.

1. Multisymplectic HDG methods may be applied to systems of the form (1), whether
or not the user is aware of any canonical multisymplectic/Hamiltonian structure.
Yet, if such a structure is present, it will automatically be preserved. This is anal-
ogous to the case for certain classes of symplectic integrators for ODEs (e.g.,
symplectic partitioned Runge—Kutta methods), but contrasts with previously stud-
ied multisymplectic methods for PDEs on unstructured meshes (e.g., Lagrangian
variational methods).

2. Many of the previously constructed multisymplectic methods merely satisfy a

“discrete version” of the multisymplectic conservation law, e.g., a finite-difference
version of (4) on a lattice. This is true even for the previous work on multisym-
plectic finite element methods [11,21,44], which are only “multisymplectic” in a
finite-difference sense on the lattice of degrees of freedom. Moreover, this discrete
multisymplectic conservation law may differ from method to method, depending
on how the divergence operator is discretized.
By contrast, the multisymplectic conservation law (12) satisfied by these HDG
methods is exactly the integral multisymplectic conservation law (5), restricted
to the numerical traces and fluxes on 0K for each element K € .9}, while (16)
extends this to arbitrary unions of elements. Furthermore, this multisymplectic
conservation law does not differ from method to method: it has precisely the same
form for weak solutions, in the exact flux formulation of Sect. 3.4, as it does for
each of the HDG methods of Sect. 4.

One direction for future work is the application of multisymplectic HDG methods
to Hamiltonian time-evolution PDEs. There are two natural ways in which such work
might proceed. First, a multisymplectic HDG method might be used to semidiscretize
the PDE in space, resulting in a finite-dimensional system of ODEs. Sdnchez et al. [41]
have recently shown that, when an LDG-H method is used to semidiscretize the acous-
tic wave equation, the resulting system of ODEs is Hamiltonian, and one may then
apply a symplectic integrator in time. Second, one might consider the application of
spacetime HDG methods, as in Rhebergen and Cockburn [39,40], Griesmaier and
Monk [20]. In this approach, one would simultaneously discretize space and time by
applying the flux formulation of Sect. 3 to the case where U is a spacetime domain
and .7, a decomposition into spacetime elements K € .7,. The results of Sect. 3 are
formulated in sufficient generality to include such methods, so one might apply them
to investigate the multisymplecticity of specific spacetime HDG methods.
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