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ABSTRACT. Classical mechanical systems are defined by their kinetic and po-
tential energies. They generate a Lie algebra under the canonical Poisson
bracket. This Lie algebra, which is usually infinite dimensional, is useful in an-
alyzing the system, as well as in geometric numerical integration. But because
the kinetic energy is quadratic in the momenta, the Lie algebra obeys identi-
ties beyond those implied by skew symmetry and the Jacobi identity. Some
Poisson brackets, or combinations of brackets, are zero for all choices of kinetic
and potential energy, regardless of the dimension of the system. Therefore,
we study the universal object in this setting, the ‘Lie algebra of classical me-
chanics’ modelled on the Lie algebra generated by kinetic and potential energy
of a simple mechanical system with respect to the canonical Poisson bracket.
We show that it is the direct sum of an abelian algebra X, spanned by ‘modi-
fied’ potential energies and isomorphic to the free commutative nonassociative
algebra with one generator, and an algebra freely generated by the kinetic en-
ergy and its Poisson bracket with X. We calculate the dimensions ¢, of its
homogeneous subspaces and determine the value of its entropy limy,— oo 0711/ "

It is 1.8249..., a fundamental constant associated to classical mechanics. We
conjecture that the class of systems with Euclidean kinetic energy metrics is
already free, i.e., that the only linear identities satisfied by the Lie brackets of
all such systems are those satisfied by the Lie algebra of classical mechanics.

1. Introduction. Simple mechanical systems are defined by pairs (Q, V), where
the configuration space @) is a real Riemannian manifold and the potential energy
V is a smooth real function on ). The phase space T*() has a canonical Poisson
bracket and a kinetic energy T: T*@Q — R associated with the metric on Q). Given
two distinguished functions, namely the kinetic and potential energies, one can ask
what Lie algebra they generate under the Poisson bracket.

In this paper we study, not the Lie algebra generated by a particular V and T,
but the Lie algebra defined by the whole class of simple mechanical systems. That
is, one should think of the dimension of @ as being arbitrarily large, and the metric
and potential energies also being arbitrary. This ‘Lie algebra of classical mechanics’
was introduced in [14]. However, that paper has an error that is corrected here.

Numerical integrators based on splitting and composition are widely used in
applications including molecular, celestial, and accelerator dynamics [8, 13]. The
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vector field X which is to be integrated is split as X = A+ B, where A and B have
the same properties (e.g. Hamiltonian) as X, but can be integrated exactly. The
integrator is a composition of the form

S

H exp(a;TA) exp(b;7B) = exp(Z) (1)

i=1
where At is the time step and exp(tX) is the time-t flow of X. The Baker—
Campbell-Hausdorff formula gives Z € L(A, B), the free Lie algebra with two
generators. Requiring Z = At(A + B) + O((At)P*!) for some integer p > 1 gives
a system of equations in the a; and b; which must be satisfied for the method to
have order p. In the case of general A and B, then, at each order n =1,...,p there
are dim L™ (A, B) such order conditions. Here L™ (A, B) is the subspace of L(A, B)
consisting of homogeneous elements of order n.

In this approach it is assumed that the only identities satisfied by Lie brackets of

A and B are those due to antisymmetric and the Jacobi identity. This is reasonable
if one wants the method to work for all A and B. However, in the case of simple
mechanical systems, the Lie algebra is never free, regardless of T', V', or the dimen-
sion of the system. There are always identities satisfied by the Poisson brackets of
the kinetic and potential energy. The simplest of these is

{viv{v.Ti}t=o. (2)
For, working in local coordinates (p,q) with T = %pTM (¢)p, and recalling the

canonical Poisson bracket {A, B} := 3", g(’;‘_ gf_ - 3—3%7 we have that

ov
{V,T} = Z afq_Mij(Q)pj
it

is of degree 1 in p, and that

ov oV
V-V TH = Y G Mgy 3)
is a function of ¢ only. So V and {V,{V,T}} commute.

Thus, it was realized early on [12] that in deriving high-order integrators as
in Eq. (1) for simple mechanical systems, the order conditions corresponding to
{V,{V,{V,T}}} and to all its higher Lie brackets can be dropped. This means that
more efficient integrators can be designed for this class of systems. Much work has
been done on this special case, both because of its intrinsic theoretical and practical
importance, and because it allows such big improvements over the general case. For
example, one can design special (‘corrector’ or ‘processor’) methods of the form
o~ [2], special methods for nearly-integrable systems such as the solar system
[2, 21], special methods involving exact evaluation of the forces associated with the
‘modified potential’ (Eq. 3) [3], and so on—see [13] for a survey. All of these studies
rely on the structure of the Lie algebra generated by kinetic and potential energy.
Bases for the homogeneous subspaces of this Lie algebra have been constructed for
small orders [3, 4, 16], and McLachlan and Ryland [14] attempted to construct the
entire Lie algebra. However, their construction is in error starting at order 13.

The paper is structured as follows. In Section 2.1, we define our object of study,
the Lie algebra of classical mechanics. It is the universal Lie algebra with two
generators equipped with a grading by degree. (In the motivating example, the
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homogeneous components are homogeneous polynomials in p, and the two genera-
tors have degree 2 (the kinetic energy) and degree 0 (the potential energy).) We
explicitly construct this Lie algebra as the direct sum of an abelian and a free Lie
algebra (§2.2) and specify an explicit generalized Hall basis (§2.3). In §2.4 we show
that the motivating example has no further identities in general.

Sections 3 and 4 consider two special cases. The first is that the kinetic energy
is equal to %p - p but the potential energy is arbitrary. In this case we conjecture,
but are unable to prove, that there are no further identities. We provide some
supporting evidence for the conjecture. The second, related, case is associated to
the linear Schrédinger equation. We show that the universal Lie algebra generated
by commutators of a potential and a Euclidean Laplacian, graded by degree of
differential operators, is identical to the Euclidean (p - p) case.

Finally, in Section 5 we describe the Lie algebra of classical mechanics quan-
titatively, enumerating the dimensions of its homogeneous components and their
asymptotic rate of growth. Recall that in the free case, dim L™ (A, B) ~ %2”, SO
that the ‘entropy’ of L(A, B) is equal to 2. We calculate that the entropy of the Lie
algebra of classical mechanics is 1.8249111600523655937 . . ., a fundamental constant
associated to classical mechanics.

2. The free Lie algebra Ly (A, B) in the class .

2.1. Polynomially graded Lie algebras and the Lie algebra of classical
mechanics. For simple mechanical systems, every Lie bracket of T"and V' is a ho-
mogeneous polynomial in p. Furthermore, the degrees of these polynomials combine
in a natural way. We therefore introduce the following class B of Lie algebras.

We use the notation [XY] := [X,Y], [XYZ] := [X,[Y, Z]], [X"Y] = [X,[X"},
Y]], and for sets X, Y, [XY] := [X,V] ={[X,Y]: X € X,Y € V}.

Definition 2.1. A Lie algebra L is of class 3 (‘polynomially graded’) if it is graded,
ie. L= @nzo L, and its homogeneous subspaces L,, satisfy

[Ln, L) € Lyym—1 if n >0 or m > 0; and
[Lo, Lo) =0
Note that this implies

(4)

[(Lo)"™ L] =0 (5)
for all n. We call the grading of L its grading by degree.

We also need the concept of a Lie algebra which is free in a certain class.

Definition 2.2. Let F' be a Lie algebra of class 3 generated by a set X. Then F
is called a free Lie algebra in the class B3 over the set X, if for any Lie algebra R
of class B, every mapping X — R that respects the degrees of the elements can be
extended to a unique homomorphism F' — R of Lie algebras of class 3. We denote
as Ly (A, B) the free Lie algebra in the class 8 where A has degree 2 and B has
degree 0, and we call it the Lie algebra of classical mechanics.

Consider the grading by degree of the free Lie algebra L(A, B) as follows:

Definition 2.3. L(A, B) = @,,-, L"(A, B) such that A € L?*(A, B), B € L°(A, B),
and -

[L™(A, B), L™ (A, B)] C Lmin(n+m=10(4 B)  for all n,m > 0.
We write degree(Y) =n if Y € L"(A, B).
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Note that we have
qu(A,B)ZL(A,B)/I, (6)
where Z is the Lie ideal generated by [L°(A, B),L°(A, B)], and that Ly (A, B)
inherits a grading by degree, i.e. Lyp(A, B) = Eano L%(A, B).

In addition to the grading by degree, Lyz(A, B) also carries the standard grading
which we call the grading by order, generated by order(A) = order(B) = 1 and
order([Y, Z]) = order(Y') + order(Z).

Given smooth functions T'(p, q) = %M(q)(p,p) and V = V(q) (p,q € RY), let us
denote by ngl(RQd) the Lie algebra under the Poisson bracket of smooth functions
C>(R??) that depend polynomially on p. Then ngl(de) is of class P, with T of
degree 2 and V of degree 0.

Definition 2.4. Given smooth functions T'(p,q) = %M(q)(p,p) and V = V(q)

(p,q € RY),
Oy : Lp(A,B) — S&(R%)
is the unique homomorphism of Lie algebras of class 9P such that &7y (A) =T and

dry(B)=V.

2.2. Characterization of the Lie algebra of classical mechanics. Given a set
Y, L(Y) denotes the free Lie algebra over the set V. Given two disjoint sets )y and
Y2, the Lazard factorization of free Lie algebras [10] states that

L1 UYs) = L(YV2) & L(Un>0[ Y3 Ih]).

The generalized Hall basis [18] for L(Y) (constructed in §2.3) can be obtained by
iteratively eliminating elements from the generating set.

We construct Ly (A, B) by successively applying a Lazard factorization to elim-
inate the elements of degree 0. We begin by first eliminating B, which introduces
new elements of degree 0 into the generating set which are eliminated at the next
stage of an iteration. The minimum order of these new elements of degree 0 increases
with each step of the iteration, allowing a passage to the limit. This leads to the
following characterization of the Lie algebra of classical mechanics. We postpone
its proof to Subsection 2.3.

Theorem 2.5. The Lie algebra Ly (A, B) of classical mechanics satisfies
Ly(A, B) = span(X) & L(4, [X, A]), (7)

where span(X) is abelian, of degree 0, and is isomorphic as a vector space to the
free commutative nonassociative algebra generated by B under the operation

Uy« Uy := [UQ,[Ul,A]]. (8)
Specifically,

X={B, BxB, (BxB)*B, (B+*xB)*x(BxB),(B+*B)*«B)x«B,...},
with one basis element associated to each rooted non-planar full binary tree. (That
is, each node has degree 0 or 2). Because of the A in (8), the order of an element
with n Bsis 2n — 1.

Note that the Jacobi identity
[U27 [U17 A]] + [Ula [A7 UQH + [A? [U27 Ul]] =0
reduces in the case degree(U;) = degree(Us) = 0 to

[U27 [Ula A]] - [Uh [U27 A]] =0,
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that iS, U2 * U1 = U1 * UQ.

In the Lie algebra generated by specific T'(p,q) = %M(q)(p,p) and V = V(q)
(that is, in the image by the homomorphism ®7 1 given in Definition 2.4) for each
pair (Uy,Us) € Xx X, if Vi = &7 v (U7) and Vo = &y (Uz), we have in coordinates,

@1,y (Ur # Uz) = {Va, {V1, T}} = M(q)(VVi(q), VVa(q)).
In the Euclidean case T = %p - p, we have

Or v (Ur + Uz) = {Vo, {V1,T}} = VVi(q) - VVa(q).

2.3. Basis for the Lie algebra of classical mechanics. Given a totally ordered
set (), >), generalized Hall bases are totally ordered bases (H,>) for the free Lie
algebra L()) satisfying the following conditions [18]:

1. Y is a totally ordered subset of the totally ordered set .

2. H=U,>, Hn where

leya HQZ{[YéaH] : Y2<§/1’ K,Yéey}7
and for n > 3, U € H,, if and only if U = [UsUsU;] where
Us, [Us, U] € H, [Us2,U;] > Us > Us, order(Uy) + order(Us) + order(Us) = n.

3. If Uy, Us, [U27U1] € H, then Us < [UQ,Ul}.

Observe that H, = {U € H : order(U) = n}.

Clearly, one can construct a totally ordered set H satisfying conditions 1 and 2
by inductively determining H,, (for n > 2) from condition 2 provided a total order
on Uz;ll’}-tk has been chosen, and then arbitrarily extending that order relation
to Up_;Hr. However, that construction of H does not guarantee in general the
fulfillment of condition 3.

If instead of arbitrarily extending the total ordering of Uz;ll Hy to Up_Hi, one
imposes that U; < Us provided that order(U;) < order(Us), then condition 3 is
automatically satisfied.

A different generalized Hall basis #H for the free Lie algebra L(A, B) that will
allow us to construct a basis for the Lie algebra Ly (A, B) of classical mechanics
can be constructed by imposing a different condition to the total order relation that
also guarantees the fulfillment of condition 3 provided that condition 1 and 2 are
satisfied: We require that Uy < Us provided that either

o degree(Uy) < degree(Us), or
o degree(Uy) = degree(Usz) and order(U;) < order(Us).

where degree(-) refers to the grading by degree of the free Lie algebra L(A, B) given
in Definition 2.3. Obviously, there is much freedom in extending the total ordering
of UpZ{ Hy, to UR_, Hy, for each n > 2 in the inductive construction of the generalized
Hall basis H. In what follows, we assume that a particular choice has been made
to give a total ordering to the elements with a common degree and order. For
instance, such a total order can be defined as follows: if U = [Uy,Us], U’ = [U7, US],
and degree(U) = degree(U’) and order(U) = order(U’), then U > U’ provided that
either (i) Us > Uj, or (ii) Uy = Uj and Uy > U{. The elements of order up to six
of the corresponding generalized Hall basis are displayed (sorted according to the
total order in #) in Table 1.

A basis B for the Lie algebra of classical mechanics Loz (A, B) can be constructed
as a subset of such a generalized Hall basis H = U,>1H,. Indeed, B = Up>18,
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order(U) degree(U

~—

1
3
4
)
5
6
6
2
4
5
6
6
6
1
3
5
5
6
4
6
6
5
6
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TABLE 1. Elements of order up to 6 of a generalized Hall basis
H for L(A,B). The elements in the Lie ideal Z generated by
[LY(A, B),L°(A, B)] are depicted in red. The elements belonging
to the basis B for Ly(A, B) = L(A, B)/T are depicted in black.
The elements are listed in the total order defined in §2.3.

where B; = {A, B} and for n > 2,
B,={U€HH, : U=[Uy,Us], Uy,Us € B, degree(Uz) > 0}.
Proof of Theorem 2.5. Let
B’ :={X € B : degree(X) =0}
and
B:={X € B : degree(X) > 0}.
Then the elements of B° of positive order are of the form X = [X,X;A], where
X1,X, € BY, and the elements of B of positive order either
(i) belong to Y = [X, A], or
(ii) are of the form [Y2,Y7] where Y1,Y; € Y and Y3 < Y7, or
(iii) are of the form [Y, A] with Y € Y, or
(iV) of the form [U3U2U1] where Uy, Us, Us, [UQ,Ul] S E, and [UQ, Ul] > Uz > Us.
This shows that B® coincides with the set X introduced in Theorem 2.5, and that

B is actually a generalized Hall basis of the free Lie algebra L(A,[X, A]) over the
set {A} U [%, A]. O
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2.4. Realization of the Lie algebra of classical mechanics. Given a partic-
ular mechanical system with potential energy V(q) and kinetic energy T'(p,q) =
%M (¢)(p,p), the Lie algebra generated under the Poisson bracket by V and T
will typically have linear dependencies than are not present in Ly (A, B), that is,
ker @7y # 0. However, we will show in this section that there are no linear depen-
dencies that are shared by all possible mechanical systems with arbitrary degrees
of freedom, that is, the intersection of the kernels of all the homomorphisms ®7
corresponding to all smooth mechanical systems reduces to 0. Specifically, we will
show in Theorem 2.6 below that Ly (A, B) can be realized as the projective limit of
the Lie algebras of a sequence of mechanical systems with polynomial Hamiltonian
functions.

This is achieved by constructing (along the lines of the standard proof of in-
dependence of elementary differentials) for each n specific kinetic and polynomial
potential energy functions such that the Lie algebra they generate has no additional
identities up to order n.

Let B = {U:,Us,Us, ...} be a totally ordered basis for Ly (A, B), as constructed
in Subsection 2.3 (in particular, satisfying that U; < Uj if degree(U;) < degree(U;)),
such that Uy = A, Uy = B, and for each n > 1, the elements of {U; :d,,—1 <i<d,}
are of order n.

For each n > 1 denote by Ly (A, B;n) the subspace of Lyz(A, B) (of dimension
dy,) spanned by {U; : i < d,}. For each i > 3, we will define a monomial W;(p, q)
in the variables po, p1,...,pd,,4q1,---,qd, as follows.

i Wi(p’ q) = 4iPj1 Pjs itU; = [sz Ujl A]? degree(Ujl) = degree(sz) =0,

o Wi(p,q) = pip; it U; = [U;, 4], degree(U;) =0,

hd Wi(p’ q) = DiPj1 455 " 4j,, it U; = [Uj'm "'Ule]’ m > 2, degree(Ujl) =0,
degree(U;,) > 0,

* Wi(p,q) = popitj, ** G5, it Us = [Uj,, -+ - Uj Al, m > 1, degree(Uy,) > 0.

Theorem 2.6. For eachn > 1, consider the mechanical system (with d,,+1 degrees
of freedom) with V(q) = ¢2 and

d

T(p.q) = pop1 + »_ Wi(p,q).
=3

where p = (po,p1, .., pa,) and ¢ = (qo,q1,---,4qq4,). Then,
ker &7y ﬂ Ly (A, B;n) =0.
Theorem 2.6 is a direct consequence of the following result.

Proposition 1. Under the assumptions of Theorem 2.6, let us consider p° € R»+1
and ¢° € R given by p° = (1,0,...,0) and ¢° = (0,...,0). Giveni,j < d,,

) )
(81% * 8%) 2rv(U))

evaluated at (p,q) = (p°, ¢°) is nonzero if and only if i = j.

We omit the proof of Proposition 1, which is rather technical, and very similar
to the proof of Lemma 2.3 in [7].
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3. The case of classical mechanical systems in Euclidean space. We now
1

consider classical mechanical systems with kinetic energy T'(p) = 5 p - p. From now
on, given a smooth potential V : R¢ — R, we will denote by ®y the homomorphism
Oy given in Definition 2.4 for T(p) = %p -p (p € RY). In the particular case
where V' € R|qq,...,qq4] (i.e., V is a polynomial in the variables qi,...,qq), Pv
is a homomorphism of Lie algebras of class P from Lq(A, B) to the Lie algebra
R[q1,---,4d,P1, - - -,paq) under the canonical Poisson bracket.

As in §2.4, given a particular Euclidean mechanical system with potential V'(g),
the Lie algebra ®yv (Lg(A, B)) generated under the Poisson bracket by V and T
will typically have linear dependencies than are not present in Leg(A, B), that is,
ker(@v) 7é 0.

We conjecture that there are no relations other than those inherited from Lo (A,
B) (antisymmetry, Jacobi identity, and that the vanishing of Lie bracket of two
elements of degree 0) that are shared by all possible Euclidean mechanical systems

with arbitrary dimension and arbitrary polynomial potentials V.

Conjecture 1. Consider all polynomial potentials V € Rlqy, ..., qq] with arbitrary

d. Then it holds that
(Nl () ker(@y)=0.
d>1VeR(q1,..-,q4]

We will next give some hints that we believe could be helpful for a possible proof
of the conjecture.

Let T be the set of free trees with two types of vertices, thick (e) and thin (-),
such that vertices with more than one edge are thick. Then for each W € Ly (A, B),
Oy (W) can be written as a linear combination with integer coefficients of certain
functions (referred to as elementary Hamiltonians) associated to each tree in T.
(These trees are an alternative representation of the “free RKN trees” of [5, 16].)

It is useful to think of each edge connecting a thick vertex to a thin vertex as a
free-end edge; such a free-end edge is “ready” to be grafted to (fill its free end with)
a thick vertex of another tree.

Given u € T, order(u) is the sum of the number of free-end edges plus twice
the number of thick vertices minus one. As for the degree: degree(-) = 2, and for
u € T\{-}, degree(u) is the number of free-end edges of w.

We next define a binary operation <1 on span(7).

Definition 3.1. < : span(7)®span(T) — span(7T) is defined as follows: e<1- = e—,
u<e=0,-<u=0forallueT. IfueT isa tree with degree(u) =m and k > 1
thick vertices, then

(i) w<- is the sum of the k trees with k thick vertices and degree m + 1 obtained
by adding a free-end edge to one thick vertex of w.
(ii) e < u is the sum of the m trees with k + 1 thick vertices and degree m — 1
obtained by grafting one free-end edge of u to a new thick vertex.
(iii) Given two trees u,v € T\{e, -}, let k be the number of thick vertices of v and
let m = degree(v). Then u <v € T is the sum of the km trees obtained by
grafting a free-end edge of v to a thick vertex of w.

Note that

order(u<v) = order(u)+order(v) and degree(u<iv) = degree(u)-+degree(v)—1.
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Proposition 2. The binary operation [u,v] = u<<v —v u (for u,v € span(T))
endows the vector space span(T) with a Lie algebra structure of class 3. For each
V € C®(R?), there exists a homomorphism
Uy : span(T) — ggl(R?d)
of Lie algebras of class B such that Uy () =T and Uy (e) = V. By the universal
property of Ly (A, B),
(i) there exists a unique homomorphism
© : Ly (A, B) — span(T)
of Lie algebras of class B such that O(A) = e and O(B) = -, and
(ii) By = Ty 0 0.
The Lie algebra homomorphism Wy in the statement of Proposition 2 can be
defined as follows.

Definition 3.2. Given V € O (R?), for each u € T, the elementary Hamiltonian
Uy (u) can be defined as follows: ¥y (8) =V, Uy (-) =T, and if u € T has m + 1
vertices, then

d m+1
)= Y J[HG.. )
J1se-dm=1 i=1
where each of the factors H(ji,...,jm)[! is associated to a vertex in u. More

precisely, let us label each vertex of u from 1 to m 4+ 1 and each edge of u with
a different dummy index ji,...,Jm. If the ith vertex is thin and the fth edge is
connected to some thick vertex, then H(jy,. .. ,jm)[i] = py. If the ith vertex is thick
and has r edges labelled by ¢4, ..., /., then

; oV
H(j1,. ., jm) =V, =
(J1,- -5 dm) 010, Do, - Oqu.
In Table 5, the images by ®v: Lyp(A,B) — S(';I(RM) and ©: Ly(A,B) —

span(7) of elements W of a basis of Ly(A, B) of order up to 6 are displayed.
The images by ¥y : span(7T) — ngl(RM) can be determined from the identity
(I)V = \I/V 00O.

Remark 1. The binary operation < on 7 and the homomorphism Wy may be
better understood by the following observation: Consider the binary operation X
defined on C2°(R?4) as follows. Given Gy, Gy € C(R??),

pol pol

d
Gy w Gy =y 26 06,
= 99 9P;

so that the canonical Poisson bracket is the commutator of x, that is,
{Gl,GQ} = Gl X GQ - G2 X Gl.

Hence, both binary operations X and < are Lie-admissible (i.e., their commutator
is a Lie bracket). It is not difficult to check that, given uy,us € T,

Uy (ur <Sug) = Yy (ur) X Wy (ug),

that is, ¥y is a homomorphism of Lie-admissible algebras (of class ). It is worth
stressing that <1 (resp. x) does not endow 7T (resp. CSTél(de)) with a pre-Lie algebra
structure. Actually, such algebras are not within any of the proper subcategories

of Lie-admissible algebras considered in [11].
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U degree(U)  OU) &y (U)
B 0 . \Y%
1B,1B,A] 0 -
(B, [B, A]], [B, All 0 2eee 2 VV,V;
B, 4] 1 —o—  —Vip;
[[B,[B, A}, A] 1 2ee  2V;Vip;
(BB ALBALA 1 dees AViVyVam
+2°T° Vi ViV
BALBBALAL 1 27T vy
A 2 T
(B, A], 4] 2 —— i Vij pj
(BBALALA 2 2ee Vi

2l ViV

1B, A, [[B, A], A)] 2 2—ee  2p ViiVijp;
+—I— +p; Vi Vijk Dk
(4, [[B, A], A] 3 4 P Vi
A, [[[B, B, A]], A], A] 3 —6—eb—  —6p Vii Vig 0j P

-2 —2p; Vi Vijri pr 1

[A,[[B,AL[B,ALAYl 3 —3—eb —3pViViup;me
++ +p; Vi Vijki vk i

[4, [, [[B, 4], A]] 4 + PP ps Pi Vi

[4,[A, [A,[[B,ALA]] 5 X e Vi

TABLE 2. Image by © and ®y of Prop. 2 of elements in Ly (A, B)
of order up to 6. Repeated indices are summed from 1 to d.

The following result was proved (using a different notation and terminology) by
Calvo in [5].

Proposition 3. Consider all polynomial potentials V € R|qu, . .., qq] with arbitrary
d. Then it holds that

ﬂ ker(¥y) = 0.

VeR(q1,..-,qd]

Proof. Tt is sufficient to show that for each u € T, there exists V € R[qy,...,q4),
with d the number of edges of u, such that, given v’ € T, the value of Uy (u') at
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10 1 0 0 0 O O O O O O o o o o0 o0 o0
o 1 o0 o O O O O o o o o o o o0 o o0 o
160 1 0 0 0 O O O O O O o o o o0 o0 O
o 1 0 1 0 O O O O O O o o o 0 o o0 o0
160 2 o0 1 0 O O O O O O O O o o0 o0 o0
o 2 o0 2 o0 1 0 O O O O o o0 o 0 o0 o0 o
2 0 4 0 3 0o 1 0 O O O O O O O O 0 O
o 4 0 6 0 3 0 1 0 O O O O O O O 0 O
30 9 0 8 0 4 0 1 0 O O O 0O O O 0 O
o 9 014 01 0 4 0 1 O O O O O O 0 O
6 020 023 0 14 O 5 0 1 0 0 O 0O O 0 O
0 18 03 032 o017 o 5 0 1 0 0 0 0 0 O
1 0 46 0 62 0 46 0 21 0O 6 O 1 0 O O 0 O
0 41 0 90 0 97 060 025 0 6 0 1 0 0O 0 O
23 0106 0165 0144 0 8 0 29 O 7 O 1 O 0 O
0 8 0228 0274 0206 0100 O 34 O 7 O 1 0 O
46 0248 0438 0438 028 0127 0 39 0 8 0 1 O
0198 0562 0777 0658 0384 0154 0 4 0 8 0 1

TABLE 3. Dimensions of homogeneous subspaces of Ly (A, B) of
order n (rows n = 1,...,18) and degree m — 1 (columns m =
1,...,18).

p=(1,...,1)and ¢ = (0,...,0) is non-zero if and only if v’ = u. Such a function V'
can be constructed for each u € T as follows: Label each thick vertex of u from 1 to
m (m = d+1—degree(u)), and each edge from 1 to d. Then, V. =W; +-- -+ Wy 1,
where W; = gy, - - - g, provided that the edges adjacent to the ith vertex are those
labelled by ¢4, ..., ¢, respectively. O

Conjecture 1 is now equivalent to the following
Conjecture 2. O : Ly (A, B) — span(7) is injective.

To support our conjecture, we compare the dimensions of the homogeneous sub-

spaces T™ of elements of 7 of order n =1,2,3,...,20, namely

2,1,2 2,4,5,10, 14, 27, 43, 82, 140, 269, 486, 939, 1765, 3446, 6652
with the dimensions of Ly (A, B) displayed in Table 5. They coincide up to n = 8,
and obey dim L (A, B) < dim7" for n > 8. The dimensions of the subspaces
of homogeneous order and degree of Lp(A, B) and T (displayed in Table 3 and
Table 4) are also compatible with the conjecture.

To further support our conjecture, we next show that the restriction of © to
[X, 4] (and thus also the restriction to X) is injective: Let 7, denote the subset of
T with trees of degree m. Clearly, To can be identified with the set of (uncoloured)
free trees. Hence, for each X € X, ©(X) can be seen as a linear combination of
(uncoloured) free trees. On the other hand, 71 can be identified with the set of
(uncoloured) rooted trees, each tree u € 71 with m vertices being identified with a
rooted tree with m — 1 vertices (the unique thin vertex in u indicating the location
of the root). With that identification, the restriction of the binary operation < to
T1 corresponds to the grafting operation on rooted trees. Hence, according to [6],
span(77) is the free pre-Lie algebra on one generator with respect to the operation
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10 1 o o0 o0 O O o o0 o o o o o o o0 o0
o 1 0 o0 O o o o o o o o o o o o o0 o
10 1 o0 o0 O O O o0 OO o o o o o o 0 o0
o 1 o0 1 0 O O O o o o o o o o0 o o0 o
1o 2 o0 1 o0 O O O O o o o o o o0 o0 o
o 2 o0 2 o0 1 0 O O o o o o o o0 o0 o0 o
2 0 4 0 3 0 1 0 O O o o0 o o0 o o0 o0 o0
o 4 0 6 0 3 O 1 o0 o0 O o0 O o o0 o0 0 o0
3 010 0 90 4 0 1 o0 0O O O O 0 o0 0 o0
o 9 o017 012 o0 4 0 1 0O O O O O o0 0 O
6 0 24 0 30 0 16 O 5 o0 1 o0 0 o0 0 o0 0 O
0 20 0 0 O 4 O 20 O 5 0 1 0 O O 0 0 O
1 0 63 0 9% 0 67 0 25 O 6 0 1 O O O 0 O
0 48 0146 0164 0 99 0 30 o0 6 0 1 0 O0 0 O
23 0164 0315 027 0126 O0 36 0 7 0 1 0 0 O
0 115 0437 0592 0408 0163 0 42 0 7 0 1 0 O
47 0 444 01022 01059 0603 0213 0 49 0 8 0 1 O
0 286 01300 02126 01754 0 86 0266 0 56 0 8 0 1

TABLE 4. Dimensions of homogeneous subspaces of T of order n
(rows n=1,...,18) and degree m — 1 (columns m =1,...,18).

<. Now, it can be shown that, given X1, X5 € X,
O([X1 * X, A]) = 6([X1, A]) < 6([Xz, A]) + O([Xa, 4]) < O([X1, A]).

The injectivity of the restriction of © to [X, A] is then a consequence of the main
result in [1].

4. The Lie algebra of the time-dependent Schrédinger equation. Appli-
cation of the operator splitting method to the time-dependent linear Schrédinger
equation

.0

in C¢ leads to the Lie algebra of endomorphisms of C*°(R?) generated (under the
d 02

commutator bracket) by the Laplace operator V2 = 5 =138 and the multiplicative
j

operator V(q).

We will show that there exists a unique Lie algebra homomorphism ¢y : L(A, B)
— End(C>(R?)) such that ¢y (A) = V2 and ¢y (B) = V. Furthermore, under the
assumption that Conjecture 2 holds true, there are no additional linear identities
(other than those satisfied in the Lie algebra of classical mechanics) satisfied by all
the Lie algebras of endomorphisms generated by V2 and V for arbitrary dimensions
d and arbitrary smooth potential functions V. Actually, it is enough to consider
arbitrary polynomial potential functions.

In what follows, we will consider polynomial potential functions V' € R|gy, .. ., q4]
in d variables. In that case, both endomorphisms V2 and V belong to the d-
th Weyl algebra A, that is, the subalgebra of End(C*(R%)) generated by 9/dq;
(j = 1,...,d) and the multiplicative endomorphisms 1,¢i,...,qq4. As a vector
space, Ag is isomorphic to Rlqi, ..., ¢4, 1, - - -, pa]. More precisely, the isomorphism
v:Rlgi,...,qd,p1,--.,pa] = Aq is determined by replacing each p; by 0/0q;.
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Recall from previous section on classical mechanical systems in Euclidean space
that the canonical Poisson bracket in R|q1, ..., q4,p1,.-.,pd] is compatible with its
grading by degree (p; of degree 1, and g; of degree 0) in the sense of Lie algebras of
class 3. However, the commutator bracket is not compatible with the grading by
degree given by the isomorphism v. The commutator of two elements in the Weyl
algebra Ay is the sum of two terms, one corresponding to the result of applying the
Poisson bracket plus terms of lower degree. Hence, the commutator Lie algebra of
Aq (which hereafter we denote by A%) is compatible with a filtration (instead of
grading) by degree. This, together with the fact that the commutator bracket of two
elements of degree 0 (which are multiplicative endomorphisms) vanish, implies that
the kernel of the unique Lie algebra homomorphism L(A, B) — Ay that sends A to
V2 and B to V includes the Lie ideal Z generated by [L°(A, B), L°(A, B)]. From
(6), we arrive at the conclusion that there exists a unique Lie algebra homorphism
ov : Ly (A, B) = Ay such that oy (A) = V? and py(B) = V.

The following result implies, under the assumption that Conjecture 2 holds true,

that
ﬂ ﬂ ker(¢v) = 0.

d>1VeER[gr,...,q4]
Proposition 4. Given V € Rq,...,q4],
ker(py) C ker(®y).

Proof. Consider the linear map ¢y : Ly(A,B) — Ag defined as follows: Given
U € Ly (A, B) with degree(U) = n, we set ¢y (U) as the projection of ¢y (U) to the
homogeneous subspace of Ay of element of degree n. Then, the relation between
the the commutator in A4; and the Poisson bracket (defined in Ay through the
isomorphism v) described above implies that

@V:l/oq)v.

We thus have that, if ¢y (U) = 0 for U € Ly (A, B), then ¢y (U) = 0, whence
@y (U) =0. O

5. The entropy of the Lie algebra of classical mechanics. Recall that the
set X in Theorem 1 is in one-to one correspondence with the set of (non-planar)
rooted full binary trees. In what follows, we will simply refer to them as binary
trees. Let z(t) be the generating function for the enumeration of X by order. Let
a(t) be the generating function for the enumeration of binary trees. It obeys [20]

1 5 =
alt) =t + i(a(t)2 ta®) =t++ 5428 435 46t =D ant”. (9)
n=1

Because the order of an element of X corresponding to a binary tree with n leaves
is 2n — 1, we have

z(t) =t a(t?). (10)
For any set W with generating function w(t) = >, .o {W € W: order(W) =
n}[t", the dimensions of the homogeneous components of the graded Lie algebra
LOW) =@, L"(W) are given by [9, 15]

aim L OW) = 3 L)/~ 10g(1 — (1) (11)
d|n
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n dimL"(A,B) dimLy(A,B) xn  yn
1 2 2 1
2 1 1 1
3 2 2 1
4 3 2 2
5 6 4 1
6 9 5 4
7 18 10 2
8 30 14 9
9 56 25 3
10 99 39 18
11 186 69 6
12 335 110 41
13 630 193 11
14 1161 320 88
15 2182 555 23
16 4080 938 198
17 7710 1630 46
18 14532 2786 441
19 27594 4852 98
20 52377 8370

TABLE 5. Dimensions of Lie algebras graded by order. Column 2:
Of the free Lie algebra with two generators. Column 3: Of the Lie
algebra of classical mechanics, Ly (A, B). Column 4: Dimensions
x,, of the subspace of elements of degree 0 in L (A4, B). Column 5:
Dimensions y;,, of the subspace of elements of degree 1 in Ly (A4, B).

Here p(d) is the Mdbius function defined by u(d) = (—1)* if d is the product of k
distinct primes and u(d) = 0 otherwise, and [t"]a(t) is the coefficient of ¢ in the
formal power series a(t).

The generating function for the grading by order of {A}UX is t+t2(t) = t+a(t?).
An application of (11) together with the dimensions of the abelian part from (10)
gives the dimensions of Lgz(A, B) as listed in Table 5.

The asymptotic growth of a,, was obtained by Wedderburn [20] using a method
that we review briefly. He works in terms of ¢(¢) := 1 — a(t), which from (9) obeys
the functional equation

g(t?) = g(t)* +2t. (12)
First he shows that the singularity r of g(t) of smallest modulus is unique, is a
branch point of order 2, and obeys g(r) = 0. Since g(r) = 0 we get
2k+1

2k

g(r®)y=2r, g(r*)=6r% g(r®) =38 ... g(r* ) =cpr

where
=2 Cii=ci+2 k=123 ...

—k

If » < 1, then limg_ o g(r2k) = ¢(0) = 1 implying that r = limg_ 0122 . The
singularity at r determines the growth rate of the a,, and a little more work [17]
determines the leading constant in

Zomo1 = Cn ~ 2T & 0318777, rT' & 2.4832535361726368586.
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Therefore, the number of modified potentials of odd order n is
dim(span X)" = O((r~/?)") = O(1.5758342349919412950™).

From Eq. (11), the asymptotic growth of dim L™ (W) is determined by the singu-
larities of —log(1 — w(t)). These correspond to zeros and singularities of 1 — w(t).
In particular, if 1 — w(t) has a simple zero at ¢ = « and no other zero with |¢| < «,
then

. om 1/1\"
dim L™ (W) ~ - (a) (13)
and the Lie algebra has entropy 1/a.

In the case of L(A,[X, A]), we have w(t) = t + a(t?) and the growth rate is
determined by the solution a smallest modulus of the equation ¢ + a(t?) = 1. This

gives a(a?) =1 — a or g(a?) = a. Applying (12) as before leads to
k+1 k
g(0®) =a, gla')=30% g(a®) =11a",... g(@*") = era’

where
co=1, epp1=er+2, k=0,1,2,....

If a <1 then a =limy_, 6;27k
Since the dimensions of the free part dominate the abelian part, we have that

the entropy of the Lie algebra of classical mechanics is

1/a = 1.8249111600523655937 . . ...
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