Journal of Nonlinear Science (2025) 35:16 OIf!JjIleaI'
https://doi.org/10.1007/500332-024-10113-8 Science

Check for

updates
Robust Chaos in Orientation-Reversing and Non-Invertible
Two-Dimensional Piecewise-Linear Maps

Indranil Ghosh'® - Robert I. McLachlan® - David J.W. Simpson’

Received: 28 March 2024 / Accepted: 6 November 2024 / Published online: 25 November 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2024

Abstract

The two-dimensional border-collision normal form is a four-parameter family of
piecewise-linear maps generalizing the Lozi family and relevant to diverse applica-
tions. It was recently shown to exhibit a chaotic attractor throughout an open region of
parameter space, but only for parameter combinations where the map is invertible and
orientation-preserving. In this paper we formally identify analogous regions for the
orientation-reversing and non-invertible cases, the latter being particularly relevant to
control systems. This is achieved by constructing a trapping region in phase space and
an invariant expanding cone in tangent space, and provides a more complete picture
of robust chaos by showing its presence is disassociated from the global topological
properties of the map. We also show some boundaries of the regions are optimal in
that they correspond to bifurcations where the chaotic attractor is destroyed.
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1 Introduction

Robust chaos refers to the persistence of a chaotic attractor throughout open regions
of the parameter space of a family of dynamical systems (Glendinning 2017). Such
robustness is essential for chaos-based cryptography (Kocarev and Lian 2011) and can
be helpful to devices that have advantageous functional characteristics when operated
in a chaotic regime, examples include power converters (Deane and Hamill 1996),
optical resonators (Liu et al. 2013), and energy harvesters (Kumar et al. 2016).
Robust chaos occurs in diverse settings (Gonchenko et al. 2018; Zeraoulia and
Sprott 2012) and its occurrence in piecewise-linear maps was popularized by the
1998 paper of Banerjee et al. (1998). Later Glendinning and Simpson (2021) for-
mally identified explicit parameter values for which robust chaos occurs, in contrast
to earlier results that give implicit conditions in more abstract settings (Pesin 1992;
Rychlik 2004; Young 1985). However, Glendinning and Simpson (2021) only dealt
with two-dimensional, orientation-preserving maps. Piecewise-linear maps that are
not orientation-preserving are arguably more physically relevant than those that are
orientation-preserving, as discussed below. The purpose of this paper is to formally
identify robust chaos in the non-orientation-preserving cases, which is also an impor-
tant precursor to demonstrating robust chaos in higher dimensional maps.
Specifically we study the two-dimensional border-collision normal form

(er +y+1, —(SLx), x <0,

1
(tRx+y+1,—8Rx), x> 0. M

Je(x, y) ={

For any fixed parameter point £ = (tr, 81, TR, SR) € R*, we are interested in the
behavior of iterations (x,y) — f:(x,y) on R2. The family (1) is continuous but
non-differentiable on the line x = 0, termed the switching manifold, and is a normal
form in the sense that any two-dimensional, piecewise-linear, continuous map with a
single switching manifold and satisfying a genericity condition can be transformed to
(1) through a change of coordinates (Simpson 2022, Appendix A). The form (1) was
originally formulated by Nusse and Yorke (1992) with an additional parameter u that
when varied through zero brings about a border-collision bifurcation (Banerjee and
Grebogi 1999). The simplicity of (1) belies the incredible complexity of its dynamics;
it can exhibit two-dimensional attractors (Glendinning 2016; Glendinning and Wong
2011), large numbers of coexisting attractors (Pumarifio et al. 2018; Simpson 2014,
2022), and Arnold tongues with a unique sausage-string geometry (Simpson 2017). In
the special case 1, = —tg and §1 = Jg, (1) reduces to the Lozi family (Lozi 1978).
At any point with x # 0 the derivative of (1) has determinant

5, x <O,

det (D fe)(x, ) = :

8R, x > 0.

Consequently we have the following cases.
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Fig. 1 Typical trajectories of the boost converter model of Deane (1992). The two variables i () (current)
and v(?) (voltage) obey certain linear ODEs, except if the current reaches the threshold Iref then a switch
opens and the variables obey different ODEs until time 7 where the commutation cycle ends, the switch is
closed, and the process repeats. The dynamics are characterized by the stroboscopic map taking (i (0), v(0))
to (i(T), v(T)). As seen from the paths of the trajectories (colored black where the switch is closed and
purple where the switch is open), this map is piecewise-smooth and non-invertible. Refer to (Banerjee et al.
1998; Deane 1992; Fatoyinbo and Simpson 2023) for more details (color figure online)

e If 5, > O and 6g > O then f¢ is orientation-preserving. This is the most natural
case to consider from an applied perspective because Poincaré maps derived from
time-reversible flows on R” are necessarily orientation-preserving (Wiggins 1988).

e If §;, < Oand §g < Othen f¢ is orientation-reversing. This case was considered
in the seminal work of Misiurewicz (1980) for the Lozi map. Such maps can be
embedded into higher dimensional orientation-preserving maps and in this way
help us understand high-dimensional chaos in physical systems (Karatetskaia et al.
2021).

e If 57 and 5 have opposite signs then f is non-invertible with the left and right half-
planes mapping onto either the top or the bottom half-plane. Such maps, except
piecewise-smooth instead of piecewise-linear, apply to a wide range of power
converters (Banerjee and Verghese 2001; di Bernardo and Tse 2002; Zhusubaliyev
and Mosekilde 2003). For instance, the boost converter described by Banerjee
et al. (1998), and earlier by Deane (1992), regulates output voltage via a switch
that is activated whenever the current reaches a threshold value. This causes the
flow (in phase space) to fold back over itself resulting in a stroboscopic map that
is piecewise-smooth (due to the switch) and non-invertible (due to the folding)
(Fatoyinbo and Simpson 2023), Fig. 1.

e If one of 6, and g is zero then f: is non-invertible with one half-plane mapping
onto a line (Kowalczyk 2005). Such maps arise as leading-order approximations
to grazing-sliding bifurcations in relay control systems (di Bernardo et al. 2002)
and mechanical systems with stick—slip friction (di Bernardo et al. 2003; Szalai
and Osinga 2008). This is because trajectories of the differential equations become
constrained to a codimension-one discontinuity surface causing the range of one
piece of the Poincaré map to have one less dimension than the domain of the map
(di Bernardo et al. 2002). This also occurs for the Hicksian trade cycle model of
Puu and Sushko (2006) and the influenza outbreak model of Roberts et al. (2019).

Let

@:{EGR4|tL>|5L+1|,IR<—|8R+1|} )
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denote the set of all & for which f: has two saddle fixed points (Lemma 2.1). Banerjee
et al. (1998) considered £ € & in the orientation-preserving case and showed that
on one side of a homoclinic bifurcation the stable manifold of one fixed point has
transverse intersections with the unstable manifolds of both fixed points and argued
that this implies the existence of a chaotic attractor. Their conclusion was verified rig-
orously by Glendinning and Simpson (2021) using the methodology of Misiurewicz
(1980). First, a forward invariant region 2 C R? was identified by using one of the
unstable manifolds, and this was perturbed into a trapping region that necessarily
contains a topological attractor. Second, an invariant expanding cone ¥ C TR? (see
Sect. 4) was constructed by using eigenvectors of the two pieces of D f¢. The exis-
tence of this object implies that nearby forward orbits diverge exponentially and that
the attractor is chaotic in the sense of having a positive Lyapunov exponent. In general,
this approach works brilliantly for piecewise-linear maps because the invariance and
expansion properties can be verified by simple, explicit computations. For more com-
plicated constructions the verification is best done on a computer (Glendinning and
Simpson 2022). The construction is robust to nonlinear perturbations to the pieces of
the map and has been used to show that chaos persists for intervals of parameter values
beyond border-collision bifurcations (Simpson and Glendinning 2021). Recently this
approach has also been applied to piecewise-smooth maps with a square-root singu-
larity that arise for mechanical systems with hard impacts (Miao et al. 2019). Further
techniques can reveal more properties of the attractor, such as sensitive dependence on
initial conditions (Ghosh and Simpson 2022), continuity with respect to & (Alves et al.
2017; Kucharski 2023), and the presence of an SRB measure (Glendinning 2017).

In this paper we verify robust chaos in the orientation-reversing and non-invertible
cases. We obtain a subset ®,, C ® in which f; has a trapping region and another
subset ®¢one C P in which f; has an invariant expanding cone. It follows that f¢ has
a chaotic attractor for all & € ®yrap N Peone. This is an open subset of parameter space,
hence the chaos is robust with respect to the family f:. We expect it is also robust
to nonlinear perturbations to the pieces of the map, as in Simpson and Glendinning
(2021). Boundaries of @y N Peone are where some aspect of the construction fails. As
shown below, three of these boundaries correspond to bifurcations where the chaotic
attractor is destroyed. Beyond the other boundaries the chaotic attractor appears to
persist and we believe robust chaos could be verified on a larger subset of parameter
space by using a more complicated construction, e.g., Simpson (2022), but our aim
here is not to optimize the subset, only to obtain a reasonably large subset for both
negative and positive values of §;, and g by using a construction that is both natural
and simple.

The remainder of this paper is organized as follows. We start in Sect. 2 by calculating
the stable and unstable manifolds of the fixed points. Constraints on the geometry of
the manifolds as they are extended outwards from the fixed points give rise to our
definition of ®y,,. Here we also define ®¢ope and state our main result (Theorem 2.2)
for the existence of a chaotic attractor. Being four-dimensional the sets ®ap and Pcone
are difficult to visualize; we show a range of two-dimensional cross-sections to give
some impression of their size and shape.

In Sect. 3, we use the stable manifold of one of the fixed points to form a region
Q c R? and show it is forward invariant under fe for any & € ®yyp. We then show
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how €2 can be perturbed into a trapping region for any & € ®yp. In Sec. 4 we identify
a cone that is both invariant and expanding for any & € ®.qpe and prove Theorem 2.2.
In Sect. 5, we further study the extent to which ®,, and ®cope cover parameter space.
We show a typical cross-section of ®yap M Peope and overlay numerical simulations
whereby the presence of robust chaos is estimated from forward orbits. This helps
clarify which boundaries of ®,p and ®¢one correspond to bifurcations and how much
of the true robust chaos region is detected by the straightforward constructions. Final
remarks are provided in Sect. 6.

2 Sufficient Conditions for a Chaotic Attractor

For any £ € ® the map f; has fixed points

—1 SR
X = , ; (3)
TR—SR—I ‘L’R—(SR—I

-1 Sr
Y = ) , 4)
=6 —1 170 —6 —1

where X is in the right half-plane and Y is in the left half-plane. The stability multipliers
associated with X and Y are the eigenvalues of the Jacobian matrices

_ Tl 1 _ TR 1
Ap = [—5L 0], Ag = [—3R 0:|~ ©)

Since £ € @, Ay has eigenvalues )»SL € (—1,1)and )JL’ > 1, while Ag has eigenvalues
A% € (=1,1)and A%, < —1. This implies X and Y are saddles. In fact, ® is the set of
all parameter combinations for which f¢ has two saddle fixed points:

Lemma 2.1 The map fs has two saddle fixed points if and only if § € ®.

Proof Let fL and % denote the left and right pieces of fe,respectively. If §; = 1, —1
then f has no fixed points, while if 8; # 77 — 1 then £’ has the unique fixed point Y,
given by (4). Similarly if g = 7z — I then f & has no fixed points, while if g # g — 1
then £ has the unique fixed point X, given by (3).

If & € ® then X and Y are saddle fixed points of f¢, as noted above. Conversely,
suppose fz has two saddle fixed points. By the above remarks, these must be X and
Y. Since they are fixed points of fg, Y is in the left half-plane, so 7, > 6 + 1 by (4),
and X is in the right half-plane, so tg < 8z + 1 by (3). Since they are saddles, also
7, > —(6p +1)and g < —(6g + 1), hence & € ®. O

2.1 The Stable and Unstable Manifolds of the Fixed Points
Since X and Y are saddles they have one-dimensional stable and unstable manifolds.
Their stable manifolds W¥(X) and W*(Y) have kinks at points where they meet the

switching manifold x = 0 and on preimages of these points, while their unstable
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s

S
(a) 61, > 0,6 >0 (b) 6z, > 0,6 <0

AY

S

(c) 6L <0,6r >0 (d) 6L <0,6r <O

Fig.2 Phase portraits of fz (1) for four different parameter combinations § = (z7, 81, Tg, dR) € Pirap N
Deone; a £ = (2.1,0.06,—1.7,0.18); b § = (2.1,04,—-1.7,-0.55); ¢ &£ = (2.2,-0.3,—-1.7,0.1); d
£ = (1.8, —-0.75, —1.6, —0.4). Each plot shows the initial line segments of the stable and unstable manifolds
emanating from the fixed points X and Y, as well as an additional segment of the stable manifold of Y. We
also show some key points of intersection (S, C, D, T, and Z) of these segments with the coordinate axes,
see (6), (9), (11), (12), and (23), respectively. To illustrate the chaotic attractor the black dots show iterates
of a typical forward orbit after transient dynamics has decayed

manifolds W (X) and W*(Y) have kinks at points where they meet y = 0 (the image
of the switching manifold) and on images of these points. As subsets of R? these
manifolds have extremely complicated geometries (necessarily so when the map is
chaotic), but for our purposes it suffices to consider the first few linear parts of the
manifolds as they emanate from the fixed points. Specifically we use some points
where the manifolds intersect x = 0 and y = O for our constructions in Sect. 3.

For each manifold the first linear part coincides with the line through the fixed point
with direction given by the corresponding eigenvector of Ay or Ag. We will use a
subscript O to denote the part of the manifold that coincides with this line. These are
indicated in Fig. 2 for four different combinations of the parameter values.

For all £ € ®, W;(Y) has an endpoint on x = 0, call it S. The slope of W (Y) is
that of the eigenvector of A, corresponding to the stable eigenvalue Aj . Due to the
companion matrix form (5) this slope is given by —1} . Then from the above formula
for Y we obtain
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_ —AL
S_<O, A2_1). (6)

Notice S» < —1 (here and throughout the paper for any P € R* we write P; and
Py, respectively, for its x and y components). The manifold W* (Y) continues into the
right half-plane but now with slope $15)

u s
)"L

where

$1(8) = 8r — TRAL. (N

Our trapping region construction requires that this linear segment, call it W{(Y),
intersects y = 0. Certainly this is only possible if ¢1(§) > 0. This inequality turns
out to be sufficient to ensure W (Y) intersects y = 0 except in the case 57, 5g < 0

(Fig. 2d). In this case W} (Y) is the line segment connecting S and fE_Z(S). So in

this case for W;(Y) to intersect y = 0 we need fE_Z(S) to lie above y = 0. A

¢ (&)

straightforward calculation reveals that the y-component of fs_z(S) is TR’
L\L T VOR

where
$2 (&) =S8p(A, + 1) — Af (tr + Br + TR)AY). (8)

Thus we require ¢ (£) > 0 (because with 87, g < 0 we have 1} (A — 1)ég > 0).
In any case, if Wf (Y) intersects y = 0, it does so at the point

¢3(8)
C=(1+—"——"—0), 9
( TR Da® ) ®

where
$3(8) = 6r — (6 + TR — (TR + DAY)AT. (10)

Our construction also requires C1 > 1, thatis ¢3(¢) > 0.
Now we consider the two unstable manifolds. Forall& € &, W (Y) has an endpoint

ony =0 at
D—( ! O) (11)
1=x37 )
and Wy (X) has an endpoint on y = 0 at
T—( ! 0) (12)
1—2%"

These points are indicated in Fig. 2.
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2.2 Homoclinic and Heteroclinic Bifurcations

In the orientation-preserving case (67, g > 0), Banerjee et al. (1998) noticed that
as parameters are varied a chaotic attractor can be destroyed when the points C and
D collide. This occurs when the attractor contains orbits that converge to W*(Y)
so includes points arbitrarily close to D as C — D, hence beyond the bifurcation
such orbits eventually land to the right of W} (Y) and subsequently diverge. This type
of bifurcation is a homoclinic corner (Simpson 2016) where the kinks (corners) of
the unstable manifold of Y lie on the stable manifold of Y (and vice-versa). This is
analogous to a first homoclinic tangency (Palis and Takens 1993) for smooth maps
which are well understood as a mechanism for the destruction of an attractor (Grebogi
et al. 1983). From the above formulas for C and D we obtain

$4(8)

C—D= 3
LT 0 I — e )

13)

where
$4(8) =8 — (tr + 81 +8r — (L + TR)A)A] . (14)

So the condition ¢4(£) > 0 (equivalent to Eq. (5) of Banerjee et al. (1998)) ensures
that C lies to the right of D as in Fig. 2a.

In the orientation-reversing case (67, g < 0) a chaotic attractor can extend close
to T and consequently be destroyed in a similar fashion when the points C and T
collide. Here kinks of the unstable manifold of X lie on the stable manifold of Y (and
vice-versa). We have

$5(5)
(= )1 = 2%) 1)

Ci—T = (15)

where
¢5(&) =8k — (Sr + TR — (1 + AR)AL)AT (16)

The condition ¢5(£§) > 0 ensures that C lies to the right of 7' as in Fig. 2-d. In the
special case of the Lozi map, ¢5(§) > 0 simplifies (significantly) to equation (3) of
Misiurewicz (1980).

In view of the above discussion, we define

Duap ={E € D[ (§) >0,i=1,...,5} (17)

This set is difficult to visualize because parameter space is four-dimensional. Figure 3
shows four different cross-sections of ®y,p obtained by fixing 7, and tg. Broadly
speaking the size of the cross-section decreases as the values of 77, and |tg| increase.
Notice the topology of the cross-sections is different for different values of 7z and .
For instance in Fig. 3a, the boundary of the cross-section is formed by ¢(§) = 0,
¢2(§) = 0, and the boundary of ®, whereas in Fig. 3d the boundary is formed by
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1 =-m—1 op =1 —1 bp=—1,—1 bp=1,—1
D = (O | ! Fe(Z)2 = £(C)e
(E) ’/ A)| or=—m—1 #3(€) =0 (E) (F) A)| sp=-m—1
0
D) 0 )
b 60 Yo = fe(c) % 45(6) =0 ™ v = £
- < D - 62(6) =0 (D)
(D) ©
© N _sie) =0 61(6) =0
|
. 45(6) =0 / 2 /
bp=T1p—1 bp=1p—1
—2 -1 0 1 -2 -1 0 1
o1 or,
(@) 7L =1.6,7r = —1.3 (b) 7 = 1.6,7r = —1.5
f=-md F#n =g, Eml =1 sL=m—1
1 \ e(Z)2 = e(C)e
3 1 Sp=—mp—1
op=—-Tp—1 (F) R R
(6 =0 EN®] @ () @
0 @3(8) =0 $4(§) =0
(B) 0 oS ) W
or \Yz = fe(C)s Or LY, = £:(C)s
-1 - $a(€) =0
(©) ©)
-2 [~¢1(6) =0 -2
F01(6) =0
dr=Tr—1 -3 op=Tp—1
—2 -1 0 1 ) -1 0 1
o1 or,
(¢) 7o =1.6,7r = —1.7 (d) 7 = 1.6,7p = —2.1

Fig.3 Four different two-dimensional cross-sections of ®rap, defined by (17). In each plot, the cross-section
is divided into six parts A-F where 2 has certain vertices, see Sect. 3

$1(5) =0, 93(65) =0, ¢p4(§) = 0, ¢5(§) = 0, and the boundary of ®. The figure
also includes curves on which f¢(C) =Y and f:(C) = Z, where Z = f¢(S) is the
intersection of W (Y) with y = 0. Together with the §; and 6 axes, these curves
divide the cross-sections into six parts corresponding to six cases for the vertices of
the region €2 that we construct in Sect. 3.

2.3 Sufficient Conditions for Robust Chaos

Our construction of an invariant expanding cone Wg requires similar constraints on
the parameter values to those established above for the trapping region. To this end
we define

61(6) = (81 + g — TLTR)” — 4dL0R | (18)
026) = 7} + 67 — 1+ 27 min(0, — 2%, 1., @), (19)
036) = 7} + 6% — 1 + 2t max (0, — £, qr. ), (20)
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where
qL=—%(1— 1—£> qR=—%<<1— 1—i)
and
d:(SL_gR_TLTR_«/m, EZSR_SL_TLTR_«/W,
2TR 21,
assuming 61 (§) > 0. We then define
Peone = {5 € P[6;(5) >0,i=1,...,3}. 2n

The condition 61(¢§) > 0 ensures a and b are well-defined, while the conditions
02(€) > 0 and 63(§) > O from the requirement that the cone Wk is expanding.
Specifically we need ||Apv| > c|lv| and [|[Agv] > c|lv| for some ¢ > 1 and all

. . . 1
v € Wk, and by linearity it suffices to consider vectors of the form v = [m] From

the formulas (5) for Ay and Ag, we have

)l -l

for each J € {L, R}, which needs to be positive and the specific values of m in (19)
and (20) correspond to the boundaries of Wk . ensure that our cone Wg.

Figure 4 shows cross-sections of ®.qpe. Broadly speaking the size of the cross-
section increases as the values of 77, and |tg| increase. Again the topology of the
cross-sections is different for different values of 77, and tg. Similar to Fig. 3, we have
divided the cross-sections into six parts corresponding to six cases for the boundary
of Wk (see Sect. 4). These correspond to different cases for the four quantities in each
of (19) and (20) that attain the minimum (respectively, maximum) value.

Finally, we can state our main result.

2
:‘CJZ—}—B%—I-I—Z‘L']WL,

Theorem 2.2 For any & € Qyyp N Peone the normal form fg (1) has a topological
attractor with a positive Lyapunov exponent.

This is proved at the end of Sect. 4. We have found that there are many possibilities
for the topology of cross-sections of ®ap N Peone defining by fixing 77, and g, and
we do not attempt to catagorize these in this paper. We provide one example in Sect. 5,
where we also identify critical values of 7z and Tg at which the cross-sections of @y
and ®.ope vanish entirely.

3 A Forward Invariant Region and a Trapping Region

The following definition applies to any continuous map f on the plane. Note we write
int(-) for the interior of a set.
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=11 fp=1—1
0.2 (VD P
Sp=-tr—1 | o )
@
]
)
L= g =-2
(1) ()
(1)
02(6) =0
0.2 0.4 0.6 0.5
(a) TL = 1.6, TR = —1.1 (b) TL = 1.6,TR = —-1.5
15 dp=7—1 oy =—m,— 1 dp=1—1
dp=—Tp—1 5 or=—r—1
ar=-% )
VI gr= =
05 &0 (U] 1 "
(V1)
05(¢) =0 v
or 0
oy HaL = 'i_: 3
raL = —%
0.5 ) 1am
0.(§) =
05(6) =
-1.5

(C) TL = 1.6, TR = —2.2

(d) 7. =1.6,7r = =3

Fig. 4 Two-dimensional cross-sections of ®cope, defined by (21). In each plot the cross-section has been
divided into six parts (I)-(VI) where the cone W has different boundaries, see Fig. 7

Definition 3.1 A set @ C R? is forward invariant if f(Q) C . A compact set
Q c R2 is a trapping region if f(2) C int().

In this section, we construct a triangle €2 and show that for any & € Oy this region
is forward invariant under f (Proposition 3.4). We then show there exists a perturbation
of Q that is a trapping region for f (Proposition 3.5). So that the non-invertible cases
can be accommodated, our €2 differs from the triangle constructed by Glendinning
and Simpson (2021) for the orientation-preserving case, and by Misiurewicz (1980)
for the orientation-reversing case. For clarity we now suppress the £-dependency and
write f instead of fg.

The linear segment of the stable manifold of Y that contains Y, denoted W (Y), is
shown in Fig. 2 for four different combinations of the parameter values. In any case,
this segment lies on the line y = —AY x 4 >, where S is the y-component of S, given
by (6). The point § is the right-most point of Wj(Y), and is easy to see that in the
other direction Wj(Y) extends to infinity if §;, > 0 and to the preimage of S under
the left piece of f otherwise:
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Lemma 3.2 Suppose §; € R and t;, > |81, + 1|. Then

{en]-2<xzoy=-x+s} &<

(22)
{.y) -0 <x <0, y=-Mx+ %}, 8.>0,

Wam={

and f(Wg(Y)) C Wg(Y).
In particular Z = f(S) € W3 (Y). This point is the intersection of Wj(Y) with

y = 0 and given by
-1
Z = )\1_1,0. (23)

Now recall if ¢1(§) > 0 and ¢»(£) > 0 then C € W; (Y) is given by (9).

Lemma3.3 Let & € @ with ¢p1(§) > 0and ¢p2(&E) > 0. Then
Y. Z, f(2), f(C), f3(C) e Wy(¥)\ {S}. (24)

Proof Certainly Y, Z € W3 (Y) \ {S} by construction. Also f(Z) € Wy(Y) \ {S}
because Wg (Y) is forward invariant (Lemma 3.2) and Z = f(S) cannot be a preimage
of S.

Since C1 > 0 we have f(C) = (trC1 + 1, —6grC}), and it is a simple exercise to
use the formula (11) to show that f(C) lies on the line y = —A} x + S>. Also f(C)
lies to the left of S because f(C); = %

L
in the case 6, < 0 the point f(C) lies to the right of the left-most point of W (Y)
because f(C) + g—Lz = W% is positive. Thus f(C) belongs to W (Y) and
is not an endpoint of Wy (Y), thus f(C) € Wj(Y) \ {S} and f2(C) € Wi () \ {S}
using again Lemma 3.2. O

is negative by inspection, and

Given & € ® with ¢1(§) > 0 and ¢»(§) > 0, let QO and R be the upper-most
and lower-most points of {Y, Z, f(Z), f(C), f 2(C)}, respectively. Then let €2 be the
compact filled triangle with vertices C, Q, and R (except €2 is a line segment in the
special case 6;, = §g = 0). In other words, €2 is the convex hull of Y, Z, f(Z), f(C),
£2(C), and C.

There are six cases for the points that form the vertices of 2. These are shown in
Fig. 5 and correspond to the six parts of @y, indicated in Fig. 3. Figure 5 also shows
the set f(€2). Notice in each case f(£2) has vertices at the images of the points P and
V where the boundary of €2 intersects x = 0. We now state Propositions 3.4 and 3.5.
Proofs are provided in Appendix A.

Proposition 3.4 Let & € ®yyp. Then f(2) C Q.

Proposition 3.5 Let & € ®yyp. Given ¢ > 0 define
C.=C—(0),
Q: = Q+¢(C—R),

@ Springer



Journal of Nonlinear Science (2025) 35:16 Page130f28 16

Vi) f(P)

(a) 5L = 0-3;51—'{ =04 (b) 6L = 0.4,6R =—-04

Y

V) fP) ¢ g

R=f(C)

(e) §L=70.5,6R:0.1 (f) 6[,:70.1,513:0.4

Fig. 5 The triangle 2 and its image under f with 7, = 1.6, Tg = —1.5, and six different values of 6;,
and 8. These correspond to parts A—F of Fig. 3b for different cases for the two vertices of €2 in the left
half-plane, denoted Q and R (the third vertex is always C). In each case f(2) C Q by Proposition 3.4
because the parameter combinations belong to Qrap

R, = R+&%(C - 0Q),

and let Q¢ be the compact filled triangle with vertices Ce, Q¢, and Re. Then f(2.) C
int(2;), for all sufficiently small ¢ > 0.
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Fig. 6 The trapping region €2 and its image under f. This figure was produced using & =
{1.6,0.3, —1.5,0.4}, asin Fig. 5A, and ¢ = 0.3 which is small enough that f(Q¢) C int(2¢) in accordance
with Proposition 3.5

The triangle €2, is shown in Fig. 6 for one combination of parameter values. It has
been defined so that its left edge lies to the right of Wg (Y) and is parallel to Wg Y).
Due to the saddle nature of Y, this edge shifts further to the right when iterated under
f. Also the left edge is an order 2 distance from Wi (Y) to ensure f(Cy) lies to the
right of the image of this edge.

4 Invariant Expanding Cones

In this section, we first define cones and what it means for them to be invariant and
expanding under an arbitrary matrix A. We then focus on the Jacobian matrices Ay,
and Ay of the normal form (1), because in order for a cone to establish chaos in (1) it
needs to be invariant and expanding for both Ay and Ag. We then explicitly construct
such a cone for any & € ®ope (Proposition 3), and use this to prove Theorem 2.2.

Definition 4.1 A set C C R%isaconeifav € C forallv € C and @ € R.

Definition 4.2 Given A € R2*2 acone C C R? is

(1) invariant under A if Av € C forall v € C, and
(ii) expanding under A if there exists ¢ > 1 such that || Av|| > c||v|| forall v € C.

In this paper we use the Euclidean norm ||v|| = ,/ v% + v% and it suffices to consider
cones of the form

\pKz{a[;J}aeR,meK}, (25)
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where K is an interval. Since v — Av is a linear map, to verify invariance and
expansion of a cone W, it suffices to verify properties (i) and (ii) for vectors of the

form v = |: : i|:
m
Lemma4.3 If Av € Wk forallv = [riz] withm € K, then W is invariant under A.

If there exists ¢ > 1 such that ||Av|| > cl||v]|| forall v = |:r11:| withm € K, then Vg

is expanding under A.

Now we focus on the Jacobian matrices
Ty 1
Ar =
) [_51 0],

where J € {L, R}, of the normal form (1). The slope of v = [YL:| is m and the slope

of Ajvis
3y
Gy(m) = — ; (26)
Ty +m
assuming m # —t;. Notice
dG 8
Jm) _ . 27
dm (tg +m)?

thus G j(m) is increasing if §; > 0, decreasing if §; < 0, and flat if §; = 0. In any
case, G y(m) is monotone and so in order to verify invariance under A it suffices to
consider the endpoints of K:

Lemma4.4 Let 17,85 € Rand K = [a, b] be an interval with —t; ¢ K. Ifa <
Gjla) <banda < Gj(b) < b then Vg is invariant under Ay.

Proof Since —t; ¢ K, by (26) and (27) G ;(m) is continuous and monotone on K.
Thus for any m € K, G j(m) is equal to or lies between the values G ;j(a) and G j (b).
Thusa < G j(m) < b. That s, the slope of A [’711:| belongs to K, thus Ay |:r:1j| e Yyg.
Hence Wk is invariant under A ; by Lemma 4.3. O

Next we introduce the function

2
o = ][ =L

It is easy to show that if Hy(m) > O for all m in a compact interval K, then Wk is
expanding under A ;. Since H;(m) is a linear function of m it again suffices to consider
the endpoints of K:

2
=15 +685 — 14 2tm. (28)
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Lemma4.5 Lett;,5; € Rand K = [a, b] be aninterval. If Hy(a) > 0 and H;(b) >
0 then Vi is expanding under Aj.

Proof Let h = min[Hj(a), H;(b)] > 0. By (28), H;(m) > h for all m € K. Then

1 .
for any m € K the vector v = " satisfies

h
lAs vl = HyGm) + ol = o+ ol = (o + 1) 10?2 (; + 1)||v||2,

llvll?

where n = max,,cx (1 +m?). Thus Wg is expanding under A ; (with expansion factor
¢c=,/%+1>1)by Lemma4.3. O

To prove chaos in (1) we need to choose K = [a, b] so that Wk is invariant under
Ap and Ag. This favors the interval K being relatively large. However, we want K
to be as small as possible in order to maximize the parameter region over which it is
expanding under A; and Ag. This balancing act motivates the following calculations
that form the basis of our definition of K given below in Proposition 4.6.

For each J € {L, R}, the fixed point equation G ;y(m) = m is quadratic in m. If

2
87 #0and 6y < %’, then G ; has exactly two fixed points

48 48
qu—T—J]— ]——21, I’]=—T—J 1+ 1——2- (29)
2 Ty 2 T

In order for Wk to be invariant under A; and Ag, we define K so that it contains
qr and gg, see Fig. 7. So the smallest interval we consider is K = [qr, gr]. In
the orientation-preserving case (51, 6g > 0), this interval indeed gives invariance, as
shown in Glendinning and Simpson (2021). In the orientation-reversing case (61, Sr <
0), invariance requires that K contains a period-two solution. The equation (G o
G1)(m) = m is quadratic in m with discriminant

01(8) = (8L + 8r — TL.TR)* — 4815k,

repeating (18). So if 6;(§) > 0 the~re are two period-two solutions, Fig. 7-(IV). Of
these the inner-most solution is {a, b}, where

Or — 8L —TLTR — A/01(8)

ZTL

8L —S6r —TLTR — VO1(§)

. b=
2‘L’R

. (30

&:

satisfying G (a) = b and Gg(b) = a. So in this case the smallest interval we can
take is K = [a, b], as used by Misiurewicz (1980).

In the non-invertible cases the slope maps G, and Gy are either both non-negative
or both non-positive, see again Fig. 7. Thus a simple and effective choice for one
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(I) 6, =0.4, 6 = 0.4. (I) 6, = 0.4, 6g = —0.2.

T

b="b
Grm) | m
— Gr(m)
a=a
(II1) 6 = 0.4, 6gp = —0.6. (IV) 6L = —0.5, g = —0.5.

(V) 6L = —0.3, 6g = 0.2. (VI) 61 = —0.3, 6 = 0.4.

Fig. 7 Cobweb diagrams of the slope maps Gy (m) and G g(m) (26) with 7, = 1.6, g = —1.5, and
six different values of 87, and dg. These correspond to parts (I)—(VI) of Fig. 4b. In each case K = [a, b],
defined by (34) and (35), is forward invariant under G, and G g as shown. This implies W is invariant
under Ay and Ag (see Lemma 4.4). In each case K contains the fixed points g7 and gg; in case (IV) K is
defined using one of the two period-two solutions
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endpoint of K is m = 0. In this case the smallest interval leading to invariance uses
also one of g7, gr, or the image of m = 0 under G or Gg:

) )
GL(0) = —i, Gr(0) = —i. 31)

Proposition 4.6 shows that all cases can be accommodated by simply defining a
and b as the minimum and maximum of all points suggested above. Recall ®ope i
defined in Sect. 2 as the set of all £ € ® for which 61 (&), 62(£€), and 65(&) are positive.
The condition 6 (£) > 0 ensures a and b are well-defined, while, if a and b are given
by (34) and (35),

02(8) = 17 + 87 — 1 4+ 2tpa = Hr(a), (32)
03(8) = T + 0 — 1 + 2trb = Hr(b), (33)
and 6>(§) > 0 and 65(§) > 0 ensure W is invariant and expanding.

Proposition 4.6 Let & € Oyone and K = [a, b] where

a:min[O,—i—ﬁ,qL,Ez], (34)

b= max[O, —3L gg, 15]. (35)

Then Wi is invariant and expanding under Ay and AR.

Proposition 4.6 is proved in Appendix B via a sequence of direct calculations. We
now use Propositions 3.5 and 4.6 to prove the main result.

Proof of Theorem 2.2 Choose any £ € @y N Peone. By Proposition 3.5 there exists
a trapping region 2, for f. Then (1), f"(€2) is an attracting set and contains a
topological attractor A. By Proposition 4.6 there exists a cone W that is invariant and
expanding for both A; and Ar with some expansion factor ¢ > 1, and Wx contains
a non-zero vector.

Choose any z € A and let v € Wg be non-zero. The Lyapunov exponent A(z, v)
for z in the direction v is the limiting rate of separation of the forward orbits of z and
z 4+ Av for arbitrarily small A > 0 (Viana 2014). If the forward orbit of z does not
intersect the switching manifold then the derivative of the nth iterate of z under f is
well-defined for all n > 1 and

. 1
Az, v) = limsup — In(||D " (x)v]|). (36)
n—oo N
Observe

Df"(0) = Df (7)) DS (F DS ),
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L

Fig. 8 The shaded region shows where cross-sections of ®rap and Pcone, defined by fixing the values
of 77 and tp, are both non-empty. As we exit the shaded region through the lower-right boundaries the
cross-section of ®rap vanishes; as we exit through the upper and left boundaries the cross-section of ®¢one
vanishes

where each of the n matrices on the right-hand side is either A7, or A g. By the invariance
and expansion of Wk, |Df*(x)v| > c"|v| for all n, so A(z,v) > In(c) > 0. If
instead the forward orbit of z intersects the switching manifold, A(z, v) can similarly be
evaluated and bounded using one-sided directional derivatives because f is piecewise-
linear, see Simpson (2022) for details. O

5 Further Remarks on the Parameter Regions ®ap and ®Pcone

In Sect. 2, we described two-dimensional cross-sections of ®@,p and Pcope defined by
fixing the values of t;, > 0 and g < 0. For the most part larger values of 7 and |tg|
yield smaller cross-sections of ®yr,p and larger cross-sections of ®cone, see Figs. 3 and
4. This is because with larger values of t7 and |tg| the map is more strongly expanding,
hence less amenable for the existence of a trapping region but more amenable for the
existence of an invariant expanding cone.

Figure 8 shows critical curves in the (77, Tg)-plane where the cross-sections vanish
entirely. To explain this figure we treat the critical curves one by one. First consider
(tr, Tr) atapoint just above the critical curve 7 = rzr—Ll . Here the @y, cross-section
has three vertices, PV, P®_ and P, as shown in Fig. 9a. It is a simple exercise to
show that as parameters are varied each vertex reaches the origin (5., 6g) = (0, 0)
on the critical curve. For instance the upper vertex is where ¢3(§) = O and ¢4(§) = 0

intersectat P(V = (0, %) and solving Pz(l) = 0 gives tg = t:T_Ll . Thus,

the @y cross-section contracts to a point and vanishes.
With instead (77, Tr) at a point just to the left of tg = rL__—lz’ the ®yryp cross-section

has three vertices at different points P® PO and P© asshown in Fig. 9b. Explicit
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X op=1,—1 X Sp=7—1
0.6 = —2.61
J(#2)=1(C) T .
0.4 —2.7
) 1pm
0.2
#3(8) =0, $4(€) =0 28
5 () (A) 5
=0 (D) (B) "
& 2.9 7
0 P 4s(6)=0 Yo — F(O) P
-0. PG = =
(©) 3.0 61(§) =0
04 P—
-3.1
-0.6
-1.5 1.0 0.5 0 0.5 1 15 2.0 1.25 1.30 1.35 1.40 1.45 1.50
oL oz
(a) 7, = 2.7, 7R = —1.5 (b) 7, =24, 7p = —2.1
06 L=l 0.1 dr=m -1
0
op=—-R—1
02 05 =0 P(10)
or
() )
— 98
-0.44 9L = — 7
0.4 (1v) L= "7
0 iV
02(§) =
-0.1 PO
-0.6
-0.5 -0.3 -0.1 0 0.1 -0.2 0 0.2 0.4 0.6
L3 oL
(¢) 7. =0.98,7r = —1.5 (d) 7, = 1.6,7r = —0.98

Fig. 9 Further sample cross-sections of ®rap (panels a and b) and ®¢one (panels ¢ and d). These use the
parameter points (t7,, Tg) shown in Fig. 8

calculations reveal that each vertex reaches the corner (§7,d8g) = (rp — 1,7 — 1)
when g = rL__—lz For instance, P¥ = (w TR — 1), and solving
R
P1(4) =17 + 1 gives T = % Thus here the ®yp cross section again vanishes.
With t7 justless than 1 and tp < —1 the ®ope cross-section appears as in Fig. 9c.
As parameters are varied the ®@¢qne Cross-section vanishes when the vertices P =

P? = P® yields the critical — T of Fig. 8. Similarly with
|~ = P, yelds the critical curve g = _TO 1g. imilarly wit!

77 > 1 and tg just greater than —1 the ®ope cross-section appears as in Fig. 9d. The

—Tp+y/1-12
cross-section vanishes when P® and P19 coincide on T = —R

The geometry and topology of cross-sections of ®rap N Peone admlt many possibil-
ities and a complete analysis is beyond the scope of this paper. Here we examine one
example, Fig. 10. Here the cross-section of ®ap N Pcope is bounded by the following
curves (going anticlockwise): 6; = 17, — 1,0gp = —tg — 1, ¢1(§) = 0, ¢3(§) = 0,
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|
[V

L

-

"

drp=Tr—1

o= -7 —1

S R T T

oL,

Fig. 10 A two-parameter bifurcation diagram of (1) with t; = 1.7 and g = —1.9. The boundary of
Drap N Pcone is shown in yellow. The colored regions show the result of a numerical simulation (white:
no attractor; green: chaotic attractor; other colors: periodic attractor). Some periods are indicated (e.g., in
the large pink region the map has a stable period-2 solution. In the blue strip at the top the fixed point X is
stable (color figure online)

¢5(&) = 0, and 6,(§) = 0 (which has a kink at §;, = 0). The first two of these curves
are boundaries of our overall parameter region @, the next three curves are boundaries
of @yp, and the last curve is a boundary of ®cope.

Figure 10 also shows the result of a simple numerical simulation to investigate
the nature of the attractor. For each point in a 300 x 300 equispaced grid of (61, 6r)
values, we computed 107 iterates of the forward orbit using a random initial condition.
Green points are where an estimate of the maximal Lyapunov exponent was positive,
white points are where the orbit appeared to diverge (its norm exceeded 10%), and
other points are where there exists a stable periodic solution (determined by solving
for periodic solutions exactly).

Note the numerical simulation gives an imperfect picture. For example, we believe
no attractor exists immediately to the left of the heteroclinic bifurcation ¢s5(¢) = 0,
yet some green points are present here (with small 6;, > 0 and —3 < §p < —2)
because orbits often experience a long transient before diverging and 10 iterations
are insufficient to detect this.

Nevertheless, the numerics effectively highlights the fact that three of the boundaries
of ®yap N Deone are bifurcations where the chaotic attractor is destroyed, so these
boundaries cannot be improved upon. As we cross §g = —tr — 1 the fixed point X
becomes stable, ¢4 (&) = 0is a homoclinic bifurcation where the attractor is destroyed
(Banerjee et al. 1998), and ¢5(§) = 01is a heteroclinic bifurcation where the attractor is
destroyed. Elsewhere the attractor is destroyed in a variety of other global bifurcations.
Above ¢3(§) = 0 and to the right of §; = 77 — 1 the trapping region construction
of Sect. 3 fails. An alternate construction that partially deals with this is described in
Simpson (2022). Below 6>(&) = 0 the cone Wk of Sect. 4 fails to be expanding. For
some parameter combinations below 6, (§) = 0 it is possible to construct an invariant
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expanding cone, and hence verify the presence of chaos, by using an induced map
(Glendinning and Simpson 2022).

6 Discussion

We have formally demonstrated robust chaos in the two-dimensional border-collision
normal form with parameter combinations for which the map is orientation-reversing
and non-invertible. Specifically we identified an open parameter region ®y,p, where
the map has a trapping region, and an open parameter region ®.qne, Where it has an
invariant expanding cone, see Figs. 3 and 4. Throughout ® 5 N ®cone the map has an
attractor with a positive Lyapunov exponent, Theorem 2.2.

In Fig. 10, we considered a typical two-dimensional cross-section of parameter
space. Numerical results showed robust chaos throughout ®,p N @cope, corroborating
Theorem 2.2 as expected. The robust chaos terminates at three boundaries of ®ap N
Deone: g = —Tr — 1, pa(§) = 0, and ¢5(§) = 0, and appears to persist beyond
the other boundaries. We expect our construction could be adapted to verify robust
chaos beyond these boundaries, and already this has been achieved in some cases
(Glendinning and Simpson 2022; Simpson 2022).

Notice in Fig. 10 the cross-section of ®yap N Peope includes a neighborhood of
(6L, 8r) = (0,0). This is the case for many values of 77 and 7 and is a significant
achievement of this paper because it shows robust chaos is not lost as we cross from the
orientation-preserving setting to the orientation-reversing and non-invertible settings.
Thus the presence of robust chaos is not dependent on the global topological properties
of the map. Moreover, this provides a path for robust chaos to be demonstrated in higher
dimensional maps. The ndimensional border-collision normal form Simpson (2016)
can have two saddle fixed points: X with an eigenvalue A% < —1, and Y with an
eigenvalue A} > 1. If all other eigenvalues associated with X and Y are sufficiently
small in absolute value (which in two dimensions means (57, §g) is sufficiently close
to (0, 0)), and with appropriate constraints on the values of A% and A} , we believe the
map must have a chaotic attractor, and this is a tantalizing avenue for future research.

A Proofs of Propositions 3.4 and 3.5

For clarity, we break each of the proofs into steps.

Proof of Proposition 3.4. Step 1 — Characterize f ().

The vertices Q and R lie in the left half-plane, while C lies in the right half-plane. Let
P denote the intersection of QC (the line segment from Q to C) with x = 0, and V
denote the intersection of RC with x = 0, see Fig. 5. From the formula (9) for C, the
y-components of these points are given in terms of Q and R by

P2 = )\'ZSQZ
MO — 01— )1 (€)

(37)
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AR,

V2= u3 u u ’ (38)
AT+ A — Ra(1 = A 1e1(8)

So 2 is the union of the quadrilateral 27 in the left half-plane with vertices P, Q, R,
and V, and the triangle Q2 in the right half-plane with vertices C, P, and V. Thus
f(RQ) = f(2)U f(R2r), where f(21) and f(Q2g) are polygons because each piece
of f is affine. Thus since €2 is convex, to prove f(£2) C 2 it suffices to show that the
vertices of f(€27) and f(Q2g) belong to 2. These vertices are the points f(C), f(P),
F(Q), f(R), and f(V).

Step 2 — Show C, Q, and R map to Q.
Certainly f(C) € € by the definition of . We now show f(Q), f(R) € QR (the
left edge of 2). If 6, > O then A7 > 0,0 f(Q) € QY and f(R) € RY so certainly
f(Q), f(R) € OR. Alsoif §; = 0, then f(Q) = f(R) =Y = Z € QR. Finally if
81, < 0,then f(Q) and f(R) lie below y = 0, so lie below Z, and hence below Q. In
this case Q is either f(C) or Z (because Y, f(Z), and f2(C) lie below y = 0), thus
f(Q) lies on or above R, by the definition of R. Also A} < 0, thus f(R) lies above
£(Q), and hence above R. Thus in any case f(Q), f(R) € OR.

Step 3 — Show P and V map to €.
The points f(P) and f (V) lie on y = 0, specifically

P+ 1:|’ (39)

f(P)=[ ; V”l],

f<V):[ 0

where P, and V5 are given by (37) and (38). Also V lies above S, thus (V) lies to the
right of Z = f(S). Hence it remains for us to show that f(P) lies at or to the left of
C,thatis C; — (P> + 1) > 0. To do this we consider the various possibilities for Q in
turn. There are three cases: Q is either Y, Z, or f(C). This is because f(Z) cannot lie
above Y, while f 2(C) cannot lie above Y if §; > 0 and cannot lie above Z if §; < 0.

Case 1: With Q = Zwehave P, = 0. ThusC; — (P, + 1) >0=C;—1>0
because ¢3(§) > 0.

Case 2: With Q = Y, by substituting Y>, given by (4), in place of Q5 in (37) we
obtain

s qu?2
Ci—(Ph+1)= <1+ )‘L)‘L ) 04(8)

ML= +¢1E) ) H1ERL — 1)

This case requires 6;, > 0, thus A > 0. Also C; — (P, + 1) > 0 because ¢1(§) > 0

and ¢4(£) > 0.
Case 3: With Q = f(C) we similarly obtain

s qu?2
Ci—(P,+1) = <1+ )‘R)‘L ) ¢5(§)

MY = 8R)$16) ) g1 — 1)

This case requires g < 0 (so that f(C)2 > 0), thus A}, > 0. Also ¢1(¢§) > 0 and
¢5(&) > 0,thusC; — (P, + 1) > 0. O
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Proof of Proposition 3.5. Step 1 — Characterize f(£2;).

Assume ¢ > 0 is sufficiently small that Q. and R, lie to the left of x = 0 and C, lies
to the right of x = 0. Then the line segment C, Q. intersects x = 0 at a unique point
P., as does C¢ R, at a point V.. Similar to the previous proof, it remains for us to show
that C,, P., O, R, and V; map to the interior of ;.

Step 2 — Show C, maps to the interior of €2;.

Let O = (0,0) denote the origin and I = (1, 0) be its image under f. Also let
¢ = CO. This line segment maps under the right piece of f to the line segment from
f(Ce) to I. Since C, € £ is an order ¢ distance from C, its image f(C,) € f(£) is an
order ¢ distance from f(C), which belongs to QR. Since Q¢ R, is an order &2 distance
from QR, f(C,) must lie to the right of Q R, for sufficiently small & > 0.

Also, f(£) lies inside the triangle QRI. Since C; lies to the right of / (because
¢3(§) > 0 and assuming ¢ is sufficiently small), this triangle lies below Q.C, and
above R;C;. Thus f(C,) lies below m and above R.C.. Thus f(C,) lies inside
all three edges of 2., hence f(C,) € int(2;).

Step 3 — Show P, and V; map to the interior of €2;.

Let A be any point on CZ with A # C, Z. Then there exists sufficiently small & > 0
such that A € int(2;). We know f(P) and f (V) are located on CZ \ {C, Z}, because
by construction Z; < f(V); < f(P)1 < Ci, so belong to int(£2;) for sufficiently
small ¢ > 0. The same is true for f(P;) and f(V,) because P, — P and V; — V as
e — 0.

Step 4 — Show Q. and R, map to the interior of Q2.

For brevity we just show f(Q;) € int(2¢) (f(R;) € int(L2¢) can be shown similarly).
Let d; > 0 be the distance that Q. R, lies to the right of Q R, see Fig. 6. Then f(Q;)
lies a distance A} d to the right of ‘OR, as Y is a saddle fixed point with stable direction
‘OR and unstable eigenvalue A7 . Since A7 > 1, the point f(Q¢) lies to the right of
the line O, R,.

If O # Y, then f(Q) lies an order 1 distance below C O, thus f(Qg) lies below
C. Q, for sufficiently small ¢ > 0. Now consider the case Q = Y. As shown in Fig. 6
let dy be the vertical displacement from f(Q,) upwards to the line Q.C, (we will
show dp > 0). By direct calculations d» = ,382 + 0(83) where

B=26(C1 —R)(Ci+ (rp —2)Y1) — Ro(Cy + (8, — DY).

Let p = C; — D; and notice p > 0 by (13) because ¢4(£) > 0. Using also D} =
(1 — %)Y by (4) and (11), we obtain

B=38L(Ci—R)(p—Y1(1-21})) — Ra(p — Yir] (1 — 1)),

which is positive by inspection (e.g., Y1 < 0). This shows that d»> > 0 for sufficiently
small values of ¢, thatis f(Q.) lies below the upper edge of 2.. By similar calculations
one can show that f(Q,) lies above the lower edge of 2., and therefore f(Q.) €
int(€2). O
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B Proof of Proposition 4.6

We first prove three lemmas. Lemma B1 provides bounds on the other fixed points r,
and rg of the slope maps G, and G g. Lemma B2 shows that a and b are attained by
the minimum and maximum values @ and b when the map is orientation-reversing.
Lemma B3 provides additional bounds on the values of a and b.

2

_s2_
LemmaB1 Let& € ®. Thenry < ! iﬁL 'L and rr >

2 2
1-6%—7%
2TR

Proof We have §; + 1 < 17, hence (8, + 1)2 < rf, and so (67 — 1)2 < rz —461. By
multiplying the last two inequalities together we obtain (8% -1 < TZ (rz —461),

. 1-82 -2 .
SO 8% —-1< rL,/rg — 48, which rearranges to r; < 2§L L using (29). The result

for rr follows similarly. O

Lemma B2 With the assumptions of Proposition 4.6, a = a if and only if §;, < 0 and
O0r < 0; similarly b = b if and only if §; < 0and dp < 0.

Proof First suppose 6; < 0 and §g < 0. Then 72 tgéy > 0 (also 0;(§) > O by
assumption), so we can use (30) to obtain

2tR(@ + 1) = —v/01(§) — /01 (§) + 4t TREL < 0.

Thus a > —1;, (because tg < 0). Also b < —1g by a similar argument.

Notice §; < Oimplies Gy (m) > Oforallm > —17,s0qr > 0,G1(0) = —% >0,
and Gy (a) = b > O~. Similarly Gr(m) < O forallm < —tg,soqgr < 0, Gr(0) =
—‘i—ﬁ < 0,and Ggr(b) = a < 0. Also G (m) is non-increasing, so a < 0 implies

G1(@) > G1(0). Thus b > —i—i > 0> gg,sob =b. Similarly a < —i—g <0<gqr,

soa =d.

Conversely suppose a = c:z. Then @ = Gg(b) < 0,s08g < 0. Thus Gg(m) is
non-increasing, so a = GR(b)~ < Ggr(0) implies b > 0. Thus b = G (a) > 0, so
81, <0, as required (also b = b implies 6;, < 0 and §g < 0 in a similar fashion). O

Lemma B3 With the assumptions of Proposition 4.6, —t;, < a and b < —1g.

Proof For brevity, we just show —7;, < a (b < —tg can be shown similarly). Using
6>(£) > 0 and Lemma B1 we obtain

1—82 _ 2
a>— LT, (40)
ZTL

/ 45 )
VL+TL=T7L(1— l—t—zL >0,
L

andsoa > —t17. Now suppose 6, < 0.If g > Othena =0 > —717, whileif g < 0
then a = a (by Lemma B2) and —7;, < a as shown in the proof of Lemma B2. O

Thus, if §; > 0 then
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Proof of Proposition 4.6 We first show Gz (a) > a and G (b) > a.If §; < 0 then
G (m) > Oforallm € K (using LemmaB3),socertainly G (a) > aand G (b) > a.
Now suppose 67, > 0. In this case, Gy (m) > m for all rp, < m < g (i.e., at and
between the fixed points of G ). Observe r;, < a < qr by (40) and the definition of
a, thus G (a) > a. Also G (m) is increasing thus G (b) > G(a) > a.

Next we show G (a) < band G (b) < b.If §; > 0 then we have G (m) < 0 for
allm € K (using Lemma B3), so certainly G (a) < b and G (b) < b. Now suppose
dr < 0.1f g < 0then Lemma B2 impliesa = aand b = b=Gr(@),s0b=Gp(a),
if g > Othena =0and b > G (0),s0b > Gr(a). Also G (m) is decreasing thus
Gr(b) <Gr(a) <b.

Now from Lemma 4.4, we can conclude that ® ¢ is invariant under Ay . Invariance
under Ay can be proved in a similar fashion.

Next we prove expansion. By (32), 6»(£) > 0 implies Hy (a) > 0. Also

Hp(b) =t} + 687 — 14+ 21,b = Hp(a) + 211.(b — a) 41)

is positive because t;, > 0 and b > a. Thus W is expanding for A;, by Lemma 4.5.
By a similar argument W is also expanding for Ag. O
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